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Motivation

- Watchman problem
* Online, continuous vision:
- optimum watchman route
(L{-metric) in simple
rectilinear polygons
(Deng et al.)
- €=26.5 in simple
polygons (Hoffmann et
al.)

- No competitive online
algorithm for polygons
with holes (Albers et al.)
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Motivation

* Autonomous robot
o without continuous vision
o (scan costs)

« Watchman route
A * Online problem

 Several classes of
polygons

 Is it possible to achieve a
e competitive strategy?

O
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Polygons with Holes



Polygons with holes

Proposition:

There is no strategy that achieves a bounded competitive
ratio for the watchman problem with scan costs in case of
a polygon with holes/obstacles.

This statement holds even if the polygon is rectilinear.
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Proof of the proposition

The robot The robot

traverses does not turn

the row: into the row
(from this
side):

The robot walks into
the row, but turns
back:

A

-

-
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Proof of the proposition

The robot The robot The robot walks into * The Shape of the inserted
traverses does not turn the row, but turns .
the row: into the row back: ObJeCtS depends on the
(from this
Soa N path of the robot.
4 A
Jn

- |

10



A Competitive Strategy for

Simple Rectilinear Polygons
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Extensions

- Two subpolygons

* Necessary and essential
extensions

- Advantage in rectilinear
polygons

" non-dominated

:
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A competitive strategy for simple rectilinear polygons

* Problem with niches

* Itis necessary to limit the
number of scan points

L
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A competitive strategy for simple rectilinear polygons

Minimum side length a

Consider the distance to
the next corner (reflex
vertex): walk beyond the
corner if the distance to it
IS “short”

Adapt the step length of
the robot to the minimal
necessary step length

Move to the projection of a
corner and not to the
corner itself

Do not scan on each
necessary extension

14
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» Based on a proposition of Chin
and Ntafos:
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which they appear on the
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the polygon).

« Transfer of this proposition.
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GREEDY-ONLINE algorithm
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GREEDY-ONLINE algorithm

Taut-Thread-Principle

Consider the contiguous
part of the boundary that
was already visible from
some point of the route

Either f is a 270° corner
or a corner blocks the
sight such as only f-is
visible

16
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A competitive strategy for simple rectilinear polygons

Ea?t(F(fl)) + 20
f1
F(f1)
B(by)
foe ,b1
~~\\.2{1
Ext(B(h)
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A competitive strategy for simple rectilinear polygons

Extensions of the GREEDY-
ONLINE algorithm

Interval case vs. extension
case
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A competitive strategy for simple rectilinear polygons

« Extensions of the GREEDY-
i 2 ONLINE algorithm

* |nterval case vs. extension

case

* Reaching the extension on an axis-
parallel path without a change of
direction is possible/impossible
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A competitive strategy for simple rectilinear polygons

« Extensions of the GREEDY-
ONLINE algorithm

* |nterval case vs. extension
case

- Reaching the extension on an axis-
parallel path without a change of
direction is possible/impossible

* In all cases of the case
differentiation:

— In case the robot runs beyond
the extension: the robot is (is
not) able to cover the total
planned length

— Positive line creation vs.
negative line creation

17



Binary search in the strategy

Non-visible region (NVR):
An area in which the parts
of the boundary, which
would be visible by simply
passing them with
continuous vision, are not
yet completely visible.

Discover passed non-
visible regions with binary
search.

18
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Binary search in the strategy

* If the optimum nees k
scans in an interval, the
robot which uses the
strategy will need
maximum

— k binary searches (for
each an upper bound is
given) or

— 2K binary searches if the

NVRs may appear on two
sides

18
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Turn adjustments

* The optimum may have
the opportunity to turn off
before the robot, following
the strategy, does.

* The robot may discover a
corridor inside a non-
visible region.

& Adjustments to have the
best basic position for the
next turn

19



Turn adjustments

* The optimum may have
the opportunity to turn off
before the robot, following
the strategy, does.

S I 2 » The robot may discover a
2 8. : o
corridor inside a non-
e visible region.
“““ @ Adjustments to have the

best basic position for the
next turn

«  Minimum corridor width a,

19



The strategy

as<1:
A. An axis-parallel move to E is possible without a turn

. e=2a+1: interval case

Let d. be the actual distance to the perpendicular of the next
counterclockwise extension
- If d;>2a+1, move to the perpendicular of the corner
— Ifd;=2a+1: If d;>a: cover a distance of 2d+1

If d;< a: cover a distance of 2a+1

Apply binary search if necessary, that means, if non-visible regions appear.
— If no corner appears on the counterclockwise side, move directly to E.

In case we run beyond E with a step of length 2d+1/2a+1:

I. If we do not cover the total distance, because of the boundary: Run as far as possible, go
back to E, move back in steps of length 1, apply binary search for NVRs (on the
counterclockwise side till E, on both sides beyond E) and if a corridor is identified, use it and
make turn adjustments

ii.  If we may cover the total distance:

l. negative line creation: Apply binary search, if a corridor is discovered inside a NVR,
use it and make turn adjustments.

Il. Positive line creation: Go back to E, move back in steps of length 1, apply binary
search and search for a corridor and the critical extension, make turn adjustments.

. e<2a+1: extension case
Cover a distance of 2e+1. In case:..( ., ii.)

20



The strategy

a<1:

A. An axis-parallel move to E is possible without a turn
. e=2q+1: interval case
. e<2a+1: extension case

B. An axis-parallel move to E is not possible without a change of
direction: Let b; be the distance to the sight-blocking corner.
. e 2q+1: interval case
*  No non-visible region up to the sight-blocking corner

«  Along the boundary up to the sight-blocking corner occur non-visible regions
. e<a+1: extension case

a>1:

Similar; with scans every time a distance of a is covered.
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The strategy

a<1:

A. An axis-parallel move to E is possible without a turn
. e=2q+1: interval case
. e<2a+1: extension case

B. An axis-parallel move to E is not possible without a change of
direction: Let b; be the distance to the sight-blocking corner.
. e 2q+1: interval case
*  No non-visible region up to the sight-blocking corner

«  Along the boundary up to the sight-blocking corner occur non-visible regions
. e<a+1: extension case

a>1:

Similar; with scans every time a distance of a is covered.
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An example

starting point

22



The competitive ratio of the strategy

5

70

0.2 0.4

0.6 0.8 1

1.2

a
1

0.8

0.7

0.5

0.1

0.01
0.0001
0.000001

upper bound for ¢
55.2294

51.8168

50.2083

50.0000

54.8000

67.0336

93.4919

120.0661

- If we assume a =aq;;

2a+3\

m(
8a+34+4

£
ln@) ’

0=<a<0.70043

da + 3
a

)

m(
20a+24+4

In(2)

/, 0.70043 <a <1
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An Open Problem

132 BOOK I. SEARCH GAMES

his-ui.-uﬁngmulkmwﬂleummdliukmhlw
535 (@ % 3.6) is a Joss of

1
142 ) @l 2109,

-

hilethe exg of the strategy s, which y ming jectories (a = 2).
81437002 & 5.3, Ths, use of 5 yiekds (the minimal) expected cost of 4.6 bt risks 3
mindcoldI0.9,vtﬁk&dq.'Myid&mewmdsJ.nimn’u
mmum(wmmmmawum.mwmdmm
stralegy 5, with 2 < a < @ lies between 4.6 and 5.3, while the maximal cost lies
between 9 and 10.9. All ics 1, with the p alying outsi segment
lz.ﬂ]ndaun‘uedbyul-ﬂym:z:asil-mnnqnuwmwmn
maximal cost.

8.4 Search with a Turning Cost

In&ﬂuwm&-m“ﬂmlmdhl&mmmh
Muwmin&tlm.h&mlwﬁiuwhehno‘ulhdm
olmhmo.-hmlnywlnﬂ:lsl’.hnaml>0.lh¢.-y
mw-&n.&wmmmmm.hmpm
umwm-laﬂiu:mdmmmtu,nnﬂm-—
fammmmmmw;ﬁqbu>mhmm
pﬁqw-x..mmiqndmun.m.(%mmymmﬂb
searcher ith b i 1, as is always the h an immobile
hider.) Thus

8= n)2.
and denote

ya-n‘-;. lm),3....

In this case the normalized cost function (in the worst case) is mot bounded nese 0,
mumﬂ;mmumummuma&mw—
restriction E|H| = A. For comvenience we assume ) = 1, Thus we are interestod in

V=iaf S, h).
s uﬁgu“

We shall show that
9+dsV =942, .13

mldlhnq-ﬁylollwﬁme’diy(l.h. which implies that for any § and
any §, there always exist an x;, as hange as desired, with

2y +n 2NNy 4+
):'(.:r, 5 Z‘!..nn LIS
7

CHAPTER 8. SEARCH ON THE INFINITE LINE (k]
Thes, if the hider chooses k as
=& with probability | -.l and
Hw J
x d»tmmllly‘l‘.

lhmE"Il"lllll.foul.yw.h
i
c(S.h)~mn+d+r)(l-l)+ 23 y4n dao-s+d
X = X

with 3 > 0 arbitrarily small,
hc&hmh”ahqﬂiyd(&l!)nmnh}nmq&“mmn
forall x; < |H| = xp42:
C(S, H) < 9% +2d <M+ 24
50 that for any b with E|H| < |
c(S.h) <9424,

We Forany real y, a sufii v(S) < 94y
is the condition

for all |H| = xi(+€): C(S. H) = 9x; + y(++).
which will hold if the following conditions hold:

i

12;,-8(;,-%)44. i=0,1,... ®.14)
0

o=y, (y>dp)

»zd/2 i=0,1,...

Mﬂ,ll)iwu’(‘m“ f=bs+2d)
-
nol-Jy.—zyth. im0,1,... 8.15)
=
Y
,.-uu(.;)
%>df2, i=01....
We now look for the minkmal bwidlnuuﬂ.ls)-llmuuhgm‘
solution of (8.15) is
»n=0o+if2, (8.16)
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An Open Problem

134 BOOK I. SEARCH GAMES

where B > 0 is a nonnegative parameter. (Because by (8.15) y;+1 — yi = 3y; — 4yi_1,
denoting y; = 2iq; it easily follows that o; 1| —; = «; — «j_1, which leads to (8.16).)

Using (8.16) for i = 0, 1 in (8.15) it follows that 8 = yy — d. Since B > 0 and
y = 2y, it easily follows that y > 2d. On the other hand, the value 9 + 2d can be
achieved by the following trajectory

yi =d2, xi=d2' —d/2, i=0,1,...
with the time to reach x; + ¢ being (neglecting O (¢))
i+1 . _
2> yi+xi =242 — 1) +d2' —d/2 = 9x; +2d.
0

Since E|H| < 1, the last equation guarantees expected time not exceeding 9 + 2d.
Is 9+ 2d the best possible constant? This is still an open problem. (Note that (8.14)
is a sufficient but not a necessary condition.)
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Positions

The Faclr ¢ can be o best 94 |
(» Cosider | acbibarly sl ampred to OPT.)
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More COUD('n onS ¢
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An Infinite LP
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2%, +Lx, +2 ¢ 8x ol
lx, + sz + le *34 . Xxl“z‘( (l) 'MCMI'/& ?";MI Of‘limq{ solution

JaSC"iACS Orliv-nl S{m{eﬁ ,( Se'(ftk(

A

ad)

| | | + *(”l/“l ¢ §x,+dd 2) Ofiml A s fight wle of
2x, +1x, e g {x | .n : () A ol

é ('t(:"“i'/c t{uql qo";““( S‘o{d#iov\
X >0 gves CIT{:‘C:"‘ ?/oof o tfglmass,

Technische

2 Universitit
Braunschweig

| Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022

37



Solving the Infinite LP

Sowvivg  SussysTEMS

0417 usinj the QIS?L v (a«S{fQinfS inUS
o« relaxefion | with  sobbous x;(") wd 4,
Eacl lh s Q bver bovwd For /1 :

. f\]?proacln :
(' Runm CPLEX  oa Sub‘ﬂ"tﬂ!

() ConS«JO" (onvefjcncc o( @luhous
(}) Constevct  inFinite S‘o/dflow

(Lf) Ver: f Slution

Technische

z . oy e
Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig



Solutions

Technische

Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig




Solutions
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Solutions

. o\ xz-) x(-) xf-) ) ™ e ) CM

n
( 2 Y , & C 3 "
| ldoQ Qw0 (.0000
Table 1
Solutions for a number of linear subsystems
n An x%") xé") xgn) x‘(t") xs(")
1 1.0000 0.0000
2 1.2500 0.1250 0.0000
3 1.4166 0.2083 0.3333 0.0000
4 1.5312 0.2656 0.5625 0.6875 0.0000
5 1.6125 0.3062 0.7250 1.1750 1.3000 0.0000
6 1.6718 0.3359 0.8437 1.5312 2.2500 2.3750
7 1.7165 0.3582 0.9330 1.7991 2.9642 4.1607
8 1.7509 0.3754 1.0019 2.0058 3.5156 5.5930
9 1.7782 0.3891 1.0563 2.1692 3.9130 6.6284
10 1.8001 0.4000 1.1003 2.3011 4.3031 7.5078
20 1.9000 0.4500 1.3000 2.9000 5.9000 11.5000
30 1.9333 0.4666 1.3666 3.1000 6.4333 12.8333
40 1.9500 0.4750 1.4000 3.2000 6.7000 13.5000
50 1.9600 0.4800 1.4200 3.2600 6.8600 13.9000
100 1.9800 0.4900 1.4600 3.3800 7.1800 14.7000
200 1.9900 0.4950 1.4800 3.4400 7.3400 15.1000
400 1.9950 0.4975 1.4900 3.4700 7.4200 15.3000

W LW USI00 16l OOM0 SR U0 VoW VIGE (.06IC
o (oo 0450 (480 Idw T 0SEE 08w o 0068
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Solutions

S o x(") xf) ™ ™ e ) c®

n
( 2 Y , & C 3 "
| ldoQ Qw0 (.0000
Table 1
Solutions for a number of linear subsystems
n An x%") xé") xgn) x‘(t") xs(")
1 1.0000 0.0000
2 1.2500 0.1250 0.0000
3 1.4166 0.2083 0.3333 0.0000
4 1.5312 0.2656 0.5625 0.6875 0.0000
5 1.6125 0.3062 0.7250 1.1750 1.3000 0.0000
6 1.6718 0.3359 0.8437 1.5312 2.2500 2.3750
7 1.7165 0.3582 0.9330 1.7991 2.9642 4.1607
8 1.7509 0.3754 1.0019 2.0058 3.5156 5.5930
9 1.7782 0.3891 1.0563 2.1692 3.9130 6.6284
10 1.8001 0.4000 1.1003 2.3011 4.3031 7.5078
20 1.9000 0.4500 1.3000 2.9000 5.9000 11.5000
30 1.9333 0.4666 1.3666 3.1000 6.4333 12.8333
40 1.9500 0.4750 1.4000 3.2000 6.7000 13.5000
50 1.9600 0.4800 1.4200 3.2600 6.8600 13.9000
100 1.9800 0.4900 1.4600 3.3800 7.1800 14.7000
200 1.9900 0.4950 1.4800 3.4400 7.3400 15.1000
400 1.9950 0.4975 1.4900 3.4700 7.4200 15.3000
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o (oo 0450 (480 Idw T 0SEE 08w o 0068
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Table 1

Solutions for a number of linear subsystems
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. 1 ™ o NS ™ ™
n 1 2 3 4 5
1 1.0000 0.0000
2 1.2500 0.1250 0.0000
3 1.4166 0.2083 0.3333 0.0000
4 1.5312 0.2656 0.5625 0.6875 0.0000
5 1.6125 0.3062 0.7250 1.1750 1.3000 0.0000
6 1.6718 0.3359 0.8437 1.5312 2.2500 2.3750
7 1.7165 0.3582 0.9330 1.7991 2.9642 4.1607
8 1.7509 0.3754 1.0019 2.0058 3.5156 5.5930
9 1.7782 0.3891 1.0563 2.1692 3.9130 6.6284
10 1.8001 0.4000 1.1003 2.3011 4.3031 7.5078
20 1.9000 0.4500 1.3000 2.9000 5.9000 11.5000
30 1.9333 0.4666 1.3666 3.1000 6.4333 12.8333
40 19500 0.4750 1.4000 3.2000 6.7000 13.5000
50 1.9600 0.4800 1.4200 3.2600 6.8600 13.9000
100 1.9800 0.4900 1.4600 3.3800 7.1800 14.7000
200 1.9900 0.4950 1.4800 3.4400 7.3400 15.1000
400 1.9950 0.4975 1.4900 3.4700 7.4200 15.3000
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Table 1
Solutions for a number of linear subsystems

n An x%") xé") x:,(’") xin) xg")
1 1.0000 0.0000
2 1.2500 0.1250 0.0000
3 1.4166 0.2083 0.3333 0.0000
4 1.5312 0.2656 0.5625 0.6875 0.0000
5 1.6125 0.3062 0.7250 1.1750 1.3000 0.0000
6 1.6718 0.3359 0.8437 1.5312 2.2500 2.3750
7 1.7165 0.3582 0.9330 1.7991 2.9642 4.1607
8 1.7509 0.3754 1.0019 2.0058 3.5156 5.5930
9 1.7782 0.3891 1.0563 2.1692 3.9130 6.6284
10 1.8001 0.4000 1.1003 2.3011 4.3031 7.5078
20 1.9000 0.4500 1.3000 2.9000 5.9000 11.5000
30 1.9333 0.4666 1.3666 3.1000 6.4333 12.8333
40 1.9500 0.4750 1.4000 3.2000 6.7000 13.5000
50 1.9600 0.4800 1.4200 3.2600 6.8600 13.9000
100 1.9800 0.4900 1.4600 3.3800 7.1800 14.7000
200 1.9900 0.4950 1.4800 3.4400 7.3400 15.1000
400 1.9950 0.4975 1.4900 3.4700 7.4200 15.3000
J e w v > it

0 (821 o040 Llooy 2301 3 0SS0 029 OIRS Q0S0

s 1 @aa_ AsE n IBaa V10..a Clan nQr NA%A Aol narrs
n I y W W W ¥
1 1.0000
2 1.2500 0.7500 0.2500
3 1.4166 0.6666 0.2500 0.0833
4 15312 0.0625 0.2500 0.0937 0.0312
5 1.6125 0.6000 0.2500 0.1000 0.0375 0.0125
6 1.6718 0.5833 0.2500 0.1041 0.0416 0.0156
7 1.7165 0.5714 0.2500 0.1071 0.0446 0.0178
8 1.7509 0.5625 0.2500 0.1093 0.0468 0.0195
9 1.7782 0.5555 0.2500 0.1111 0.0486 0.0208
10 1.8001 0.5500 0.2500 0.1125 0.0500 0.0218
20 1.9000 0.5250 0.2500 0.1187 0.0562 0.0265
30 1.9333 0.5166 0.2500 0.1208 0.0583 0.0281
40 1.9500 0.5125 0.2500 0.1218 0.0593 0.0289
50 1.9600 0.5100 0.2500 0.1225 0.0600 0.0293
100 1.9800 0.5050 0.2500 0.1237 0.0612 0.0303
200 1.9900 0.5025 0.2500 0.1243 0.0618 0.0307
400 1.9950 0.5012 0.2500 0.1245 0.0621 0.0310
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Verifying the Solution

Choose : X. = (2"\{J¢/
C; = ZL

(,kccl( Prim\( solution ,ie. xqrcll 51"1‘((37 !
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Verifying the Solution
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Verifying the Dual

min A
WV
2x, +d Ad
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Verifying the

min A
V
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Verifying the Dual

min A
Vv
2x, vd Ad
# 2 8)‘, ”lJ
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n n
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More General Problem
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Constraints
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Solving the Problem

SotuTiow o THE onsusw

Hore  described © m=3
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Solving the Problem

ad ‘{:h ~ , f,'#\*,l. Conver :
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Solution I
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Dual Variables
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Dual Routing
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Dual Routing
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Dual Routing
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Dual Routing
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Dual Routing

loe) 2m—2
X Jyi= X Jvit Z Jyj
j=m—1 j=m—1 j=2m—1
2m—2
= ) Jyit+ Z (J+m)yjim
j=m—1 j=m—1
2m—2 1
Jj=m—1 j=m—1
2m—3
=@2m —2ym—2+ ) jyj+ Z G4+m—=1yim1
Jj=m—1 Jj=m—1
> > ! $om
+ Yj+m—1 —jyi — —y
j=m-—1 " j=m—1M ! J—m—lM !
2m —2 o 2m—3 x© 1 m
M jam—1™ ( j=m—1 ’ jema MM
hence
(o/e]
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Part 2: Several Robots
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Asymptotics
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Collective Tree Exploration
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Tree Exploration
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Tree Exploration

Given:
Unknown tree T, root r
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Tree Exploration

Given:
Unknown tree T, root r
k robots, initially located at r
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k robots, initially located at r

Task:
Explore T and return to origin
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Lower bounds on actual OPT:
- Known MAX distance
- AVG of known total distance
Strategy MAX+AVG:
- Choose some c.
- Robots take turns,
one at a time.

- Keep track of MAX and AVG.
- Travel c times lower bound.
Factor c is achievable, if we can
keep going - so if we can travel
arbitrarily far.
Observations:
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Lower bounds on actual OPT:
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Strategy MAX+AVG:
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one at a time.

- Keep track of MAX and AVG.
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Factor c is achievable, if we can
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Strategy MAX+AVG:
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Factor c is achievable, if we can
keep going - so if we can travel

arbitrarily far.
Observations:
- Duplicated distance DUP
is bounded by MAX.
- In worst case,
MAX=AVG=DUP.

gﬁ; Technische

Z . oy e
> Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
< Braunschweig

c=2.37

&,
v
v

%)

o
o
£
~
<
o
o5
*
o,
¥s.

<
C



A New Strategy for General Trees

Q1L

c=2.37

Lower bounds on actual OPT:
- Known MAX distance
- AVG of known total distance
Strategy MAX+AVG:
- Choose some c.
- Robots take turns,
one at a time.

- Keep track of MAX and AVG.
- Travel c times lower bound.
Factor c is achievable, if we can
keep going - so if we can travel

arbitrarily far.
Observations:
- Duplicated distance DUP
is bounded by MAX.
- In worst case,
MAX=AVG=DUP.
- This yields a recursion for
distances traveled.
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A New Strategy for General Trees

. Online Balanced Tree Exploration
. Pravesh Agrawal =

3 Department of CSE, IIT Bombay, Mumbai, India

« Sandor P. Fekete 2@

5 Department of Computer Science, TU Braunschweig, Braunschweig, Germany

s —— Abstract

7 We study Online Balanced Tree Ezploration, a class of online optimization problems that can be seen
s as natural generalizations of both online exploration and machine scheduling: Given an unknown
o weighted tree T = (V, E) with a distinguished root node r, and a set of k > 2 identical robots at r,
10 the task is to have all vertices of the tree be visited by some robot and have all robots return to r,
1 such that the largest distance traveled by any robot is minimized. Online Balanced Tree Exploration
12 has been considered before; the best previously known competitive method uses a doubling strategy
13 and yields a factor of 8.

14 We develop ¢-GAME, a strategy that proceeds greedily while keeping track of tree depth
15 and average load, and show that it yields a c-competitive strategy for any k and any ¢ > v =
16 3.146193220582..., which is tight. Here v = —W_;(—=z), where W_, is the lower branch of
17 Lambert’s W-function, which is also known as the product logarithm. We also provide a tight
18 characterization of the critical competitive factors v for any specific £ > 3; in particular, we establish
1 y3 = 2.27883..., v4 = 2.49221.. ., y18 = 2.99961.. ., implying that 3-GAME is 3-competitive for all
0 k<18.

21 2012 ACM Subject Classification Theory of computation — Online algorithms; Computing method-
2 ologies — Planning and scheduling

23 Keywords and phrases Online search, group exploration, balanced allocation, competitive analysis

2 Digital Object Identifier 10.4230/LIPIcs.ISAAC.2022.118

Technische

el CLELE I S:ndor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig




A Useful Lemma

1L

oV -Q"t
% st Technische
x3% lechnisch
37> Universitit | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig

)
L3
<
o

@

)

A
e, ' &
"Nsc*‘d




A Useful Lemma

» Lemma 3. For analyzing the worst case for strateqy c-GAME with k > ¢ > 2, it suffices
to consider
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A Useful Lemma

» Lemma 3. For analyzing the worst case for strateqy c-GAME with k > ¢ > 2, it suffices
to consider

1. J,Ej) = MAXgi)l — &9 with e > 0 arbitrarily small for alli,j afteri=1,5 = 1.

1 1

2. MAXY) = AVGY) for alli and all j > 2.
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A Useful Lemma

» Lemma 3. For analyzing the worst case for strateqy c-GAME with k > ¢ > 2, it suffices
to consider

1. J,Ej) = MAXgJ;)l — &9 with e > 0 arbitrarily small for alli,j afteri=1,57 =1.

7 1

2. MAXY) = AVGY) for alli and all j > 2.
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Recursion
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Recursion

D; : total distance traveled by a robot after iteration i
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Recursion

D; : total distance traveled by a robot after iteration i

'd; : new distance traveled by a robot in iteration i
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Recursion

- total distance traveled by a robot after iteration i

S

' d; : new distance traveled by a robot in iteration i
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Recursion

D, : total distance traveied by a robot after iteration i

'd; : new distance traveled by a robot in iteration i
\ New

Di/— Dz’— dz’
di+Dip+——=c -
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

\New
D,;_ D,;_ d.
di+D; py+—=c|—+F
——
old total
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

[ New
d: 4+ D;_; + 2iz2 — o Biz1 4 ds
) 1—k - s
v v
old total duplicated
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

[ New
D; D, g
. X | 1—1 ___ 1—1 |
d’l, _|_ D’I,—k} | . — . | k
— — —
new old total duplicated

1

L
oty .

‘¢ Technische
v Z . oy
%g Universitit | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
**s Braunschweig

&,
v
v

%)

W
o
£
~
<
o
o5
*
o,
¥s.

<
C



Recursion

D; : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

\ New
D; D, g
. X | 1—1 ___ 1—1 |
d’l, _|_ D’L—k: | . — . | k
" Ny ) )
new old total duplicated old average
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

\ New
D, D; d.
" Ny ) )
new old total duplicated old average added to average
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

' New
D; D; d.
" Ny ) )
new old total duplicated old average added to average
' Rearrange
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

' New
D; D; d.
(/ _|_ 1— k l C C I k
" Ny ) )
new old total duplicated old average added to average
' Rearrange
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Analysis

k k—1 4 4 C,

i E 9 k + =0

(k — ck) k — cx
k—1 Ck
i ke -
Cr — 1
T > 1
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =

K k—1 }

iz _gfc__ll)x’“ , with xj, > 1 being a zero of the function f(z) = (k — 1)az* — k?z + k% — 2k + 1. |
k

T ————— — - —— e —
k—1 C
k k—1 koo
Ty — b Ty, +k——_0
(k — k) Ch
k-1 Ck
k T e — 1
T > 1
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1 }
boi DT ith x> 1 being a zero of the function f(z) = (k — 1)z* — k?z + k?> — 2k + 1. |

wz—l
T ——— et - — e ——
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1 }
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =

K k—1 }
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1 }
boi DT ith x> 1 being a zero of the function f(z) = (k — 1)z* — k?z + k?> — 2k + 1. |
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
boi DT ith x> 1 being a zero of the function f(z) = (k — 1)z* — k?z + k? — 2k + 1.
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
boi DT ith x> 1 being a zero of the function f(z) = (k — 1)z* — k?z + k? — 2k + 1.
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cy, satisfies cx = .
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cj satisfies cp = ¢
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iz g;;_ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1.

k ¥
T ——— —————tem — e ——

s s

Ck

Ol [ Q|| |Ww|N| >

—
(=]

%]
(=)

8

S

1,000
10,000
100,000
1,000,000

1L
o™ e,

%2 Technische
v z . oy
x> Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
72s Braunschweig
Q‘ﬁr

9,
(/~s

v
c¥



Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cj satisfies cp = ¢
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» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cj satisfies cp = ¢
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» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cj satisfies cp = ¢
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
iz _gfc__ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1.
k
T ——— —————tem — e —

RS S

Ck
1.86603...
2.27883...
2.49221...
2.62163...
2.70837...
2.77053...
2.81724...
2.85363...
2.88277...
3.01425...

Ol [ Q|| |Ww|N| >

—
(=]

%]
(=)

8

S

1,000
10,000
100,000
1,000,000

Technische
z . oy
Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022

62

o .
“> Braunschweig




Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
iz _gfc__ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1. \
k
T ——— —————tem — e —

Ck
1.86603...
2.27883...
2.49221...
2.62163...
2.70837...
2.77053...
2.81724...
2.85363...
2.88277...
3.01425...
3.08016...
3.11977...
1,000 | 3.14355...
10,000 | 3.14592...
100,000 | 3.14612...

1,000,000
PR e

Ol [ Q|| |Ww|N| >

—
(=]

%]
(=)

8

S

Technische

z . oy
; Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
< Braunschweig




Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
iz _gfc__ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1. \
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» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
iz _gfc__ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1.
k
T ——— —————tem — e —

RS S

Ck
1.86603...
2.27883...
2.49221...
2.62163...
2.70837...
2.77053...
2.81724...
2.85363...
2.88277...
3.01425...
3.08016...

100 | 3.11977...

1,000 | 3.14355...
10,000 | 3.14592...
100,000 | 3.14612...

1,000,000 | 3.146109...
P~ ——

{b Theorem 2. Strategy MAX+AVG is cx-competitive, for the values shown in Table 1. Moreover;
these values are tight.

Ol [ Q|| |Ww|N| >

—
(=]

%]
(=)

8

.
$
i

S — O ————

Technische

z . oy
> Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
“> Braunschweig




Analysis

Technische

Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig




Analysis

Technische

z . oy
Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig



‘$k= (1+ 2E)

Analysis

o'vuh’o
,s”%s ‘st Technische
3 %z

o D »
o578
.'O "4\4.
Nscv

Braunschweig

Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022

63



Analysis

kxk — (k— 1)z

=

‘Z‘k = (1 + %)Jf

Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig

o'«”'"o
g‘% %@_ Technische
< - 3

o v »
@ ﬁ ¢
) ~
- 5
O~SC'“Q\



Analysis

kxk — (k— 1)z
y — 1

Cr =

2 = (1+ 3)=

—
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kxk — (k— 1)z
y — 1

Cr =

2 = (1+ 3)=

—

k(1+5)—(k-1) 1+ 2

Ck = 1 = 1

(1 + %) o (142 )k—1 (1 + %) o (142 )k—1
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hm 2k 1 — 1 —2
k—inf (1 4 2%) — Ry —e
. zZ( z
| Derivative © ( Z1e 2)
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e’ (—z+e”—2)
(e 1)°

e’ = 2+ 2

c=W_i(—2%) = 3.146193220582. . .
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Analysis

» Theorem 3. Algorithm MAX+AVG is c-competitive for all k, where c is the solution of the
equation e¢ = c + 2. This is the value W_,(— ) = 3.146193220582.. ., where W_; is the
lower branch of Lambert’s W-function. Moreover; this is tight: For any ¢ < ¢, MAX+AVG is not

c’-competitive for large enough k.
e —— o — = ERE———

e’ (—z+e”—2)
(e 1)°

e’ = 2+ 2

c=W_i(—2%) = 3.146193220582. . .
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Part 3.1:
Online Triangulation
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Triangulating Unknown Environments
using Robot Swarms

Aaron Becker Sandor P. Fekete
James McLurkin Alexander Kroller
SeoungKyou Lee Christiane Schmidt
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Video!

Triangulating Unknown Environments

conference

S.P. Fekete, A. Krdller, L.S. Kyou, J. McLurkin, C. Schmidt:
Triangulating Unknown Environments Using Robot Swarms,
Video and abstract. In: Proceedings of the 29th Annual ACM Symposium on Computational Geometry (SoCG 2013), 345-346.

James McLurkin Alexander Kroller
SeoungKyou Lee Christiane Schmidt
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Part 3.2:
Local Routing
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Dual Routing
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Dual Routing
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Dual Routing

Note: The dual graph is stored implicitly in primal vertices!
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Dual Routing
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Dual Routing

s ;(5,8)

@ p(s,8)

/ Theorem 3.3: Consider a (p,«)-fat triangulation 7 of a
planar region R, with vertex set 1/, maximum and minimum
edge length 7,,,, and 7,,;,, respectively. Let s, g be points
in R that are separated by at least one triangle, i.e., the
triangles Az, A, in 7 that contain s and g do not share
a vertex. Let p(s, g) be a shortest polygonal path in R that
connects s with g, and let dy (s, g) be its length. Let p7(s, g)
be a 7T-greedy path between s and g, of length d, (s, g).
Then dp, (s,9) < ¢~ dp(s,g) +2, for c = | 2% ] Fn(%’ and
dpr(5,9) < & - dy(s, g), for ¢ = ||

sin(a/2)*
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Dual Routing

conference .

S. K. Lee, A. Becker, S.P. Fekete, A. Kroller, J. McLurkin:
Exploration via Structured Triangulation by a Multi-Robot System with Bearing-Only Low-Resolution Sensors,
NEW To appear in: 2014 IEEE International Conference on Robotics and Automation (ICRA 2014) '
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Part 3.3: Local Patrolling Policies
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Time Stamps in the Dual Graph
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Time Stamps in the Dual Graph
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Time Stamps in the Dual Graph

Numbers: Time of last visit
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Least Recently Visited
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Least Recently Visited

Least Recently Visited (LRV):
Move to vertex with oldest time stamp
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Least Recently Visited

O Patrolling
__ robots
A @—@ Dual Graph
1221,
31 o
2 3 3 2
C 1 8 =18 1
12 16 11 0

36 2521

Least Recently Visited (LRV):
Move to vertex with oldest time stamp

W1l
L%

ﬁ *»; Technische
%

S e el CLELE | S:ndor P. Fekete | Online Robot Navigation | Online Algorithms 2022
»oH|%45  Braunschweig

¥sce




Least Recently Visited

O Patrolling
__ robots
A @—@ Dual Graph
1221,
7 N4 19
31
2 3 3 2
C 1 8 =18 1
12 16 11 0
36
2521 29}

Least Recently Visited (LRV):
Move to vertex with oldest time stamp

Good news: LRV achieves full coverage.
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Least Recently Visited

O Patrolling
robots

@—@ Dual Graph

22]

31

36 2521

Least Recently Visited (LRV):
Move to vertex with oldest time stamp

Good news: LRV achieves full coverage.

Bad news: The coverage time of LRV can be exponentially large.
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LRV: Experimental Results

Patrolling

O robots
@——@ Dual Graph

| Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2022

75

o,«u%
‘st Technische

S
i%"é 3%(‘ Universitat
» %45 Braunschweig




LRV: Experimental Results
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robots

@—@ Dual Graph

—— Maximum time elapsed since last visit
——Moving average of Maximum Time elapsed
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LRV: Experimental Results

O Patrolling
robots
@—@ Dual Graph Max-Refresh Time
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LRV: Experimental Results
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Part 4:
Controlling Massive Particle Swarms
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Moving Small Objects

Tetrahymena pyriformais
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Moving Small Objects

Tetrahymena pyriformais
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Moving Small Objects

Tetrahymena pyriformais
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This Part

conference

A. Becker, E.D. Demaine, S.P. Fekete, G. Habibi, J. McLurkin:
Reconfiguring Massive Particle Swarms with Limited, Global Control,
NEW |In: ALGOSENSORS 2013, pp. 51-66, Springer LNCS 8343, 2014.
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This Part

conference

A. Becker, E.D. Demaine, S.P. Fekete, G. Habibi, J. McLurkin:
Reconfiguring Massive Particle Swarms with Limited, Global Control,
NEW |In: ALGOSENSORS 2013, pp. 51-66, Springer LNCS 8343, 2014.
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conterence

A. Becker, E.D. Demaine, S.P. Fekete, J. McLurkin:
Particle Computation: Controlling Robot Swarms with only Global Signals,

NEW To appearin: 2014 |EEE International Conference on Robotics and Automation (ICRA 2014)
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Part 4.1: Why Obstacles Are a Nuisance
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Obstacles as Opponents
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.

cg?':%‘ ‘
R
ALY &

-3 0 T 4 S0k
NS
N

N
.J%%eg!b“e

Technische

el CLELE I S:ndor P. Fekete | Online Robot Navigation | Online Algorithms 2022
Braunschweig




Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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 Targets may not be easy to reach.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Complexity: Binary Variables
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Complexity: Binary Variables
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!

£2 45 S

Lo X3 X4

) 13

Choice only matters when it is a variable’s “turn”!
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Complexity: Binary Variables
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Complexity: Binary Variables

Minor detail: Avoid reversible choices!
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Complexity: Clauses
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Complexity: Clauses
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Complexity: Truth Checking
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Complexity: Truth Checking
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Complexity: Overall Construction
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Complexity: Overall Construction
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Complexity: Overall Construction
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Complexity' Overall Construction
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Complexity: Overall Construction
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Complexity: Overall Construction
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Complexity: Summary
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Complexity: Summary

l Theorem 1. GLOBALCONTROL-MANYPARTICLES is NP-hard: given an initial configuration of movable l
| particles and fized obstacles, it is NP-hard to decide whether any particle can be moved to a specified location. l
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Part 4.2: Why Obstacles Are a Blessing
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Life without Obstacles
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Life without Obstacles

Lack of obstacles can be harmful!
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Life without Obstacles

Lack of obstacles can be harmful!
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How Obstacles Can Be Helpful
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How Obstacles Can Be Helpful
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More Obstacle Action!
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More Obstacle Action!
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More Obstacle Action!
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Multiple Permutations
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Multiple Permutations
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Multiple Permutations
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Multiple Permutations

Theorem 3. For any set of k fized, but arbitrary, permutations of n X n pizels, we can construct a set of ;

O(kN) obstacles, such that we can switch from a start arrangement into any of the k permutations using at
most O(log k) force-field mowves.
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Designing Obstacles

CW: (12)
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Designing Obstacles
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Designing Obstacles

CW: (12) CCW: (123456789)
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Designing Obstacles

Lemma 5. Any permutation of N objects can be generated by the two base permutations p = (12) andy

7= (12---N). Moreover, any permutation can be generated by a sequence of length at most N? that consz'sts]
of p and q.
e

CW: (12) CCW: (123456789)
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Designing Obstacles

Lemma 5. Any permutation of N objects can be generated by the two base permutations p = (12) and;

7= (12---N). Moreover, any permutation can be generated by a sequence of length at most N? that consz'sts}
of p and q.
T —

Theorem 6. We can construct a set of O(N) obstacles such that any n x n arrangement of N pizels can be?
rearranged into any other n X n arrangement T of the same pizels, using at most O(N?) force-field moves.
T ——

CCW: (123456789)
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Designing Obstacles

Lemma 7. Any permutation of N objects can be generated by the N base permutations p; = (12),py =
(13),...,pnv-1 = (1(N —1)) and g = (12--- N). Moreover, any permutation can be

generated by a sequence
of length at most N that consists of the p; and q. §
T ———
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Designing Obstacles

Lemma 7. Any permutation of N objects can be generated by the N base permutations p; = (12),py =
(13),...,pnv-1 = (1(N —1)) and g = (12--- N). Moreover, any permutation can be

generated by a sequence
of length at most N that consists of the p; and q. §
T ——

Theorem 8. We can construct a set of O(N*) obstacles such that any n x n arrangement of N pizels can
be rearranged into any other n x n arrangement m of the same pixels, using at most O(N log N)

force-field |
moves. !
.
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Designing Obstacles

Lemma 7. Any permutation of N objects can be generated by the N base permutations p; = (12),p; =
(13),...,pnv-1 = (1(N —1)) and g = (12--- N). Moreover, any permutation can be generated by a sequence
of length at most N that consists of the p; and q.

T ———

Theorem 8. We can construct a set of O(N*) obstacles such that any n x n arrangement of N pizels can

be rearranged into any other n X n arrangement m of the same pizels, using at most O(N log N) force-field |
moves. !
A —————

Theorem 9. Suppose we have a set of obstacles such that any permutation of an n X n arrangement of |
pizels can be achieved by at most M force-field moves. Then M is at least Q(N log N). ..

Proof. Each permutation must be achieved by a sequence of force-field moves. Because each decision for a
force-field move {u,d,l,r} partitions the remaining set of possible permutations into at most four different
subsets, we need at least Q(log(N!)) = Q(N log N) such moves. O
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Breaking N : _
Meseran doRpaRirxity!
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s MJOFE ON Complexity! ™

THE COMPLEXITY OF FINDING MINIMUM-LENGTH -
GENERATOR SEQUENCES

Mark R. JERRUM

Department of Computer Science, University of Edinburgh, Edinburgh EH9 3JZ,
Scotland (United Kingdom)

Communicated by M.S. Paterson
Received July 1983
Revised May 1984

Abstract. The computational complexity of the following problem is investigated: Given a permu-
tation group specified as a set of generators, and a single target permutation which is a member
of the group, what is the shortest expression for the target permutation in terms of the generators?
The general problem is demonstrated to be PSPACE-complete and, indeed, is shown to remain
so even when the generator set is restricted to contain only two permutations. The restriction on
generator set cardinality is the best possible, as the problem becomes soluble in polynomial time
if the generator set contains only one permutation. An interesting feature of this problem is that
it does not fall under the headings of ‘two person games’ or ‘formal languages’ which cover the
great majoritv of known PSPACE-complete problems. Some restricted varei~==~ of the problem.
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Part 4.3: A Real-World Demo!
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Demo with Real Objects
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Demo with Real Objects
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Demo with Real Objects
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Demo with Real Objects
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Conclusions
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Conclusions

*More work in theory and practice!
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