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Part 1. One Robot
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Part 1.1:
Looking around a corner
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Video!

Searching
with an
Autonomous Pobot

journal article
S.P. Fekete, R. Klein, A. Nichter:
Online Searching with an Autonomous Robot.
Computational Geometry: Theory and Applications, 34 (2), 2006, pp. 102-115.
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Art Gallery Problems




Watchman Problems




Online Searching

competitive ratio
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Online Exploration of Simple Polygons




( How to Look Around a Corner

achieved =

1 (@) = —Jc* cosp — (@)

da '
cc=c—>ooi7w




An Autonomous Robot




Kurt3D

The robot Kurt3D is a leightweight (22.5 kg).

It's the fastest reliable controlled indoor
robot of the world!

- Two 90W (200W)
motors

- 48 NiMH a 4500mAh
- C167 Microcontroller
- CAN Controller

- PITI-800 Notebook




Scan Cost




The AIS 3D Laser Scanner

° Based on a regular (e.g., SICK LMS-200) laser scanner
* Relatively cheap sensor
* Controlled pitch motion (120° v)

* Various resolutions and modi, e.g., reflectance measurement
{181, 361, 721} [h] x {128, ..., 500} [v] points

° Fast measurement, e.g., 3.4 sec (181x256 points)

Mounted on mobile robots
for 3D collision avoidance

and building 3D maps.




The ICP (Scanmatching) Algorithm

Scan registrationPut two independent scans

into one frame of reference
Iterative Closest Point algorithm [Besl/McKay 1992]
For prior point set M ("model set") and data set D

1. Select point correspondences w;; in {0,1}

2. Iteratively minimize for rotation R, translation t °

771

d
E(R ZZ((,,Hm, (Rd; +t)]|”

=1 7=1

* quaternion-based calculation of rotation
* works in 3 translation plus 3 rotation dimensions

-> 6D SLAM
Our on-line on-board version of ICP:

* reduced point sets, representation in Apx-kD-trees
* registers two scans (181x256 pts) in <1.4 sec (P-ITI-800)



Close-Ups on a Closed Loop Model

- R

=

Error Distribution:

* Equal distribution
(middle)

* Local refinement

Complete Point Model

View from top, and two
details as viewed from
scanner height.

Other Application

Autonomous Mine Mapping
(CMU)



Interpreting Maps by Labeling Objects

Attention Classification

Reflexion Image

Reflexion Image

Depth Image

[Frintrop et al, IROS-2004]



A Learned Cascade of Classn‘ ers

- Learn objects directly from 3D scans

- Simple, efficiently computable features
[Viola and Jones 01]

] Nl 1NN

* Learn the combination of these features using
Ada-Boost [Freund and Shaphire 96]

thr. = 0.002739 ) | thr-=0.001204 ] ( thr. = 0.005539 thr. = 0.0002671 thr. = 0.006586 |
0 =—0.9544 z h(x) >= 0 0. =—0.9649 |. o= —0.9578 o =-0.9654 o=-1
W g-05265 @) B=0.7981 (2) B=0.5776 B =0.2295 B =0.407
thr. = —0.01696 | rg] thr = 0.0004609 [ thr. = 0.002012 thr. = 0.0003417 thr. = 0.0004443
o = 0.7638 o =—0.9303 0=-0.9197 o =-08917 o = —0.8958
l B =—0.8637 B=03219 | F=02383 B=0.02169 B=03519
thr. = 0.006924 thr. =—0.001132 thr. = 0.0001828 thr. = —0.000917
* o =—0.9508 o=0.3423 o =-09729 o = 0.562
I B =0.4335 l B =—0.9655 B =0.3067 B = —0.8082
Z h(x) <0 (1) thr. = 0.001098 thr. = 0.0008072 thr. = —5 471e—05
o =—0.9702 B| oo o014 o = 0.3093
|| B=03573 B=0.1969 B =—0.7876
evaluated feature classifier:
hix)=§ ¢ depending on
1(x) = (1) (1)
B the threshold

[NUchter et al, IAS-2004]



An Autonomous Robot




Short Distances

min ¢
l+x,=c
2+x,+x,=c(l+d,)
d; +(y, +x,)° =dist’
dy + i =X
Xg> X, dy, v, 20

achieved

. = 1.84
optimal




Larger Distances

n
n+ E x, =c(s,_,+1)
i=1

s =dsmw,_,
n-1
Wn—l = Ecpl
i=1
P, = 2arcsin(£\7
q)

x, x20654:A¥R1T + 4 Achieved

3.9%+d +1 optimal

=R.12



A Lower Bound

Theorem: No strategy can guarantee a
competitive factor below 2.

Sketch: Assume factor c¢=2-9.

Use induction to show that for the i-th step
length, we have x, <(1-9)'.

Then the total distance is bounded by
1/0,

a contradiction.



Asymptotics
C )

210 ¢

205 ¢+

1.95 |

(1.90 :

1.85 +

TENCOESS ((:1:24;01 6 %



An Upper Bound

Theo "EIM . The circle strategy is asymptotically optimal.

SkeTCh: Consider a factor ¢ =2+0.

(1) Show that for large circle diameter, the step length

grows expontially, as long as the direction is close to
being orthogonal to the wall.

(2) Show that in this manner, a large step length can be
reached. More specific, show that an average step
length of at least 5 can be achieved at some point.

(3) Show that once the average step length is at least 5,

it stays above 5. Thus, any necessary total distance
can be traveled.
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Part 1.2:
Exploring rectilinear polygons
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Motivation

- Watchman problem
* Online, continuous vision:
- optimum watchman route
(L{-metric) in simple
rectilinear polygons
(Deng et al.)
- €=26.5 in simple
polygons (Hoffmann et
al.)

- No competitive online
algorithm for polygons
with holes (Albers et al.)

35




Motivation

* Autonomous robot
o without continuous vision
o (scan costs)

« Watchman route
A * Online problem

 Several classes of
polygons

 Is it possible to achieve a
e competitive strategy?

O

36
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Polygons with Holes
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Polygons with holes

Proposition:

There is no strategy that achieves a bounded competitive
ratio for the watchman problem with scan costs in case of
a polygon with holes/obstacles.

This statement holds even if the polygon is rectilinear.

38



Proof of the proposition

<]
|

Show: competitive ratio
Q(Vn)

Polygon with obstacles
(panpipe)
Further obstacles: placed

depending on the strategy
of the robot

39




Proof of the proposition

The robot The robot The robot walks into * The Shape of the inserted
traverses does not turn the row, but turns .
the row: into the row back: ObJeCtS depends on the
(from this
Soa N path of the robot.
4 A
Jn

- |
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A Competitive Strategy for

Simple Rectilinear Polygons

41



Extensions

@)

- = gxtonsdomibart S

starting point

Two subpolygons

Necessary and essential
extensions

Advantage in rectilinear
polygons

42




A competitive strategy for simple rectilinear polygons

* Problem with niches

* Itis necessary to limit the
number of scan points

43



A competitive strategy for simple rectilinear polygons

Minimum side length a

Consider the distance to
the next corner (reflex
vertex): walk beyond the
corner if the distance to it
IS “short”

Adapt the step length of
the robot to the minimal
necessary step length

Move to the projection of a
corner and not to the
corner itself

Do not scan on each
necessary extension

44




Order of extensions

- GREEDY-ONLINE algorithm for
a robot with continuous vision.

» Based on a proposition of Chin
and Ntafos:

Any optimum watchman route

> in P, a simple rectilinear

: polygon, will have to visit the

essential edges in the order in
which they appear on the

1. boundary of P’ (the new

! polygon obtained by removing

the “non-essential” portions of
the polygon).

« Transfer of this proposition.

45



GREEDY-ONLINE algorithm

» Taut-Thread-Principle
Ext(F(f1)); / \\; ® 20 - Consider the contiguous
[\ part of the boundary that
bl TR was already visible from
(f1] .
- some point of the route
T / LLL - Either f is a 270° corner
é 5 | or a corner blocks the
f - sight such as only f-is
oF . c visible
oy
20 . 2
Ext(B(b))

46



A competitive strategy for simple rectilinear polygons

« Extensions of the GREEDY-
ONLINE algorithm

* |nterval case vs. extension
case

- Reaching the extension on an axis-
parallel path without a change of
direction is possible/impossible

* In all cases of the case
differentiation:

— In case the robot runs beyond
the extension: the robot is (is
not) able to cover the total
planned length

— Positive line creation vs.
negative line creation

47



Binary search in the strategy

* KNirewsitieurgheesNVR):

gaansca mnwhiehveietbarts
esfitbevipichdsagswiigch
sicatkpyewisitstedy simply

passingrthem with

| | contiribatysseisictissaffernot
yeteaomptetelyevisiled is

- Dist¥%r PYassed non-

f visHRRgIoRAE LIS
-------------------- sedf¥Rs may appear on two

------------------- JJJ_T sides
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Turn adjustments

* The optimum may have
the opportunity to turn off
before the robot, following
the strategy, does.

S I 2 » The robot may discover a
2 8. : o
corridor inside a non-
e visible region.
“““ @ Adjustments to have the

best basic position for the
next turn

«  Minimum corridor width a,

49



The strategy

as<1:
A. An axis-parallel move to E is possible without a turn

. e=2a+1: interval case

Let d. be the actual distance to the perpendicular of the next
counterclockwise extension
- If d;>2a+1, move to the perpendicular of the corner
— Ifd;=2a+1: If d;>a: cover a distance of 2d+1

If d;< a: cover a distance of 2a+1

Apply binary search if necessary, that means, if non-visible regions appear.
— If no corner appears on the counterclockwise side, move directly to E.

In case we run beyond E with a step of length 2d.+1/2a+1:

I. If we do not cover the total distance, because of the boundary: Run as far as possible, go
back to E, move back in steps of length 1, apply binary search for NVRs (on the
counterclockwise side till E, on both sides beyond E) and if a corridor is identified, use it and
make turn adjustments

ii.  If we may cover the total distance:

l. negative line creation: Apply binary search, if a corridor is discovered inside a NVR,
use it and make turn adjustments.

Il. Positive line creation: Go back to E, move back in steps of length 1, apply binary
search and search for a corridor and the critical extension, make turn adjustments.

. e<2a+1: extension case
Cover a distance of 2e+1. In case:..( ., ii.)

50



The strategy

a<1:

A. An axis-parallel move to E is possible without a turn
. e=2q+1: interval case
. e<2a+1: extension case

B. An axis-parallel move to E is not pos

. e 2q+1: interval case
*  No non-visible region upto
*  Along the boundary up to t
. e<a+1: extension case

a>1:

Similar; with scans every time a

51



An example

starting point

52



The competitive ratio of the strategy

5

70

0.2 0.4

0.6 0.8 1

1.2

a
1

0.8

0.7

0.5

0.1

0.01
0.0001
0.000001

upper bound for ¢
55.2294

51.8168

50.2083

50.0000

54.8000

67.0336

93.4919

120.0661

- If we assume a =aq;;

2a+3\

m(
8a+34+4

£
ln@) ’

0=<a<0.70043

da + 3
a

)

m(
20a+24+4

In(2)

/, 0.70043 <a <1
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Part 1.3:
Searching with turn cost
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Online Searching
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An Open Problem

132 BOOK I. SEARCH GAMES

his-ui.-uﬁngmulkmwﬂleummdliukmhlw
535 (@ % 3.6) is a Joss of

1
142 ) @l 2109,

-

hilethe exg of the strategy s, which y ming jectories (a = 2).
81437002 & 5.3, Ths, use of 5 yiekds (the minimal) expected cost of 4.6 bt risks 3
mindcoldI0.9,vtﬁk&dq.'Myid&mewmdsJ.nimn’u
mmum(wmmmmawum.mwmdmm
stralegy 5, with 2 < a < @ lies between 4.6 and 5.3, while the maximal cost lies
between 9 and 10.9. All ics 1, with the p alying outsi segment
lz.ﬂ]ndaun‘uedbyul-ﬂym:z:asil-mnnqnuwmwmn
maximal cost.

8.4 Search with a Turning Cost

In&ﬂuwm&-m“ﬂmlmdhl&mmmh
Muwmin&tlm.h&mlwﬁiuwhehno‘ulhdm
olmhmo.-hmlnywlnﬂ:lsl’.hnaml>0.lh¢.-y
mw-&n.&wmmmmm.hmpm
umwm-laﬂiu:mdmmmtu,nnﬂm-—
fammmmmmw;ﬁqbu>mhmm
pﬁqw-x..mmiqndmun.m.(%mmymmﬂb
searcher ith b i 1, as is always the h an immobile
hider.) Thus

8= n)2.
and denote

ya-n‘-;. lm),3....

In this case the normalized cost function (in the worst case) is mot bounded nese 0,
mumﬂ;mmumummuma&mw—
restriction E|H| = A. For comvenience we assume ) = 1, Thus we are interestod in

V=iaf S, h).
s uﬁgu“

We shall show that
9+dsV =942, .13

mldlhnq-ﬁylollwﬁme’diy(l.h. which implies that for any § and
any §, there always exist an x;, as hange as desired, with

2y +n 2NNy 4+
):'(.:r, 5 Z‘!..nn LIS
7

CHAPTER 8. SEARCH ON THE INFINITE LINE (k]
Thes, if the hider chooses k as
=& with probability | -.l and
Hw J
x d»tmmllly‘l‘.

lhmE"Il"lllll.foul.yw.h
i
c(S.h)~mn+d+r)(l-l)+ 23 y4n dao-s+d
X = X

with 3 > 0 arbitrarily small,
hc&hmh”ahqﬂiyd(&l!)nmnh}nmq&“mmn
forall x; < |H| = xp42:
C(S, H) < 9% +2d <M+ 24
50 that for any b with E|H| < |
c(S.h) <9424,

We Forany real y, a sufii v(S) < 94y
is the condition

for all |H| = xi(+€): C(S. H) = 9x; + y(++).
which will hold if the following conditions hold:

i

12;,-8(;,-%)44. i=0,1,... ®.14)
0

o=y, (y>dp)

»zd/2 i=0,1,...

Mﬂ,ll)iwu’(‘m“ f=bs+2d)
-
nol-Jy.—zyth. im0,1,... 8.15)
=
Y
,.-uu(.;)
%>df2, i=01....
We now look for the minkmal bwidlnuuﬂ.ls)-llmuuhgm‘
solution of (8.15) is
»n=0o+if2, (8.16)
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An Open Problem

134 BOOK I. SEARCH GAMES

where B > 0 is a nonnegative parameter. (Because by (8.15) y;+1 — yi = 3y; — 4yi_1,
denoting y; = 2iq; it easily follows that o; 1| —; = «; — «j_1, which leads to (8.16).)

Using (8.16) for i = 0, 1 in (8.15) it follows that 8 = yy — d. Since B > 0 and
y = 2y, it easily follows that y > 2d. On the other hand, the value 9 + 2d can be
achieved by the following trajectory

yi =d2, xi=d2' —d/2, i=0,1,...
with the time to reach x; + ¢ being (neglecting O (¢))
i+1 . _
2> yi+xi =242 — 1) +d2' —d/2 = 9x; +2d.
0

Since E|H| < 1, the last equation guarantees expected time not exceeding 9 + 2d.
Is 9+ 2d the best possible constant? This is still an open problem. (Note that (8.14)
is a sufficient but not a necessary condition.)
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More COUD('n onS ¢
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2 x +2x, 4'24*",’-& € q(k,uﬂ)mz;’

|
lX, *sz fZ)S fSJ ’-lez < 7(":’9014
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An Infinite LP

1x, +lx,+ le "3'/ £ 3.)“*1‘( (4') luGinite ?riml of‘l;mq( olstion

JCSC"EACS Orliv-nl S{m{eﬁ ,( Saftlevz

| | | + *(“’l/“l s gxn“z"l 2 Op‘}nq( A s it wle of
it = +zx} - ' ' . () tuen  cost PM4I/7_

é (-;C"«}-/L Juql qo";““( S‘o/d#:'ov\
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Solving the Infinite LP

Sowvivg  SussysTEMS

0417 usinj the QIS?L v (a«S{fQinfS inUS
o« relaxefion | with  sobbous x;(") wd 4,
Eacl lh s Q bver bovwd For /1 :

. f\]?proacln :
(' Runm CPLEX  oa Sub‘ﬂ"tﬂ!

() ConS«JO" (onvefjcncc o( @luhous
(}) Constevct  inFinite S‘o/dflow

(Lf) Ver: f Slution
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Solutions

S o x(-v) ){-J ™ ™ e () )

n l
2 Y ) C . C 3 C"
| ldooQ 09000 (0000
Table 1
Solutions for a number of linear subsystems
n An x%") xé") xgn) xi") xé")
1 1.0000 0.0000
2 1.2500 0.1250 0.0000
3 1.4166 0.2083 0.3333 0.0000
4 1.5312 0.2656 0.5625 0.6875 0.0000
5 1.6125 0.3062 0.7250 1.1750 1.3000 0.0000
6 1.6718 0.3359 0.8437 1.5312 2.2500 2.3750
7 1.7165 0.3582 0.9330 1.7991 2.9642 4.1607
8 1.7509 0.3754 1.0019 2.0058 3.5156 5.5930
9 1.7782 0.3891 1.0563 2.1692 3.9130 6.6284
n Jn W »o »wo W Y
1 1.0000
2 1.2500 0.7500 0.2500
3 1.4166 0.6666 0.2500 0.0833
4 1.5312 0.0625 0.2500 0.0937 0.0312
5 1.6125 0.6000 0.2500 0.1000 0.0375 0.0125
6 1.6718 0.5833 0.2500 0.1041 0.0416 0.0156
7 1.7165 0.5714 0.2500 0.1071 0.0446 0.0178
8 1.7509 0.5625 0.2500 0.1093 0.0468 0.0195
9 1.7782 0.5555 0.2500 0.1111 0.0486 0.0208
10 1.8001 0.5500 0.2500 0.1125 0.0500 0.0218
20 1.9000 0.5250 0.2500 0.1187 0.0562 0.0265
30 1.9333 0.5166 0.2500 0.1208 0.0583 0.0281
40 1.9500 0.5125 0.2500 0.1218 0.0593 0.0289
50 1.9600 0.5100 0.2500 0.1225 0.0600 0.0293
100 1.9800 0.5050 0.2500 0.1237 0.0612 0.0303
200 1.9900 0.5025 0.2500 0.1243 0.0618 0.0307
400 1.9950 0.5012 0.2500 0.1245 0.0621 0.0310
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Verifying the Solution
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Verifying the Dual

min A
Vv
2x, vd Ad
# 2 8)‘, ”lJ

3 < 8"1*1‘(

n n
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lxl v le* le
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More General Problem
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Constraints
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Solving the Problem
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Solution I
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Dual Variables

\/S;’IJ (*) lu/e, jé{ TLC reCurs;ve conol.'/,'o«

¥
= - G -C )
G, & ( nt2 n+3

(1000) "
.= 0.4€45339
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) ntd &
™ = okl
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< & _ 3065 v/
&+ aosuwrs T % N o
- R = 006035¢¢ y
C ‘(wj 2 006022484 e
o) C.. 22| = oosest s
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Dual Routing
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Dual Routing
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Dual Routing

loe) 2m—2
X Jyi= X Jvit Z Jyj
j=m—1 j=m—1 j=2m—1
2m—2
= ) Jyit+ Z (J+m)yjim
j=m—1 j=m—1
2m—2 1
Jj=m—1 j=m—1
2m—3
=@2m —2ym—2+ ) jyj+ Z G4+m—=1yim1
Jj=m—1 Jj=m—1
> > ! $om
+ Yj+m—1 —jyi — —y
j=m-—1 " j=m—1M ! J—m—lM !
2m —2 o 2m—3 x© 1 m
M jam—1™ ( j=m—1 ’ jema MM
hence
(o/e]
> ojyj=2m—24+M-m—(m—-2)—m=M—m,
j=m—1
as claimed. [
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Part 2: Several Robots
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Part 2.1: Online Tree Exploration
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Collective Tree Exploration
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Tree Exploration

Given:
Unknown tree T, root r
k robots, initially located at r

Task:
Explore T and return to origin

Objective:
Minimize maximum workload
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Tree Exploration

Given:
Unknown tree T, root r
k robots, initially located at r

Task:
Explore T and return to origin

Objective:
Minimize maximum workload
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Previous Work

Dynia et al. (2006):

* Lower bound of 3/2 on
competitive factor

* An appropriate greedy algorithm

¢ achieves competitive factor of 8
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Better Lower Bounds

5 el ower bound of 5/3
= 5 on competitive factor for k=3

*More sophisticated examples yield
lower bound of

1+ ¥2 =1.707...
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Better Lower Bounds

¢ eL.ower bound of 5/3
on competitive factor for k=3

*More sophisticated examples yield
lower bound of

1+ ¥2 =1.707...
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Better Lower Bounds

eL.ower bound of 5/3
on competitive factor for k=3

*More sophisticated examples yield
21 lower bound of

1+ ¥2 =1.707...
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A New Strategy for General Trees

Q1L

c=2.37

Lower bounds on actual OPT:
- Known MAX distance
- AVG of known total distance
Strategy MAX+AVG:
- Choose some c.
- Robots take turns,
one at a time.

- Keep track of MAX and AVG.
- Travel c times lower bound.
Factor c is achievable, if we can
keep going - so if we can travel

arbitrarily far.
Observations:
- Duplicated distance DUP
is bounded by MAX.
- In worst case,
MAX=AVG=DUP.
- This yields a recursion for
distances traveled.
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A New Strategy for General Trees

. Online Balanced Tree Exploration
. Pravesh Agrawal =

3 Department of CSE, IIT Bombay, Mumbai, India

« Sandor P. Fekete 2@

5 Department of Computer Science, TU Braunschweig, Braunschweig, Germany

s —— Abstract

7 We study Online Balanced Tree Ezploration, a class of online optimization problems that can be seen
s as natural generalizations of both online exploration and machine scheduling: Given an unknown
o weighted tree T = (V, E) with a distinguished root node r, and a set of k > 2 identical robots at r,
10 the task is to have all vertices of the tree be visited by some robot and have all robots return to r,
1 such that the largest distance traveled by any robot is minimized. Online Balanced Tree Exploration
12 has been considered before; the best previously known competitive method uses a doubling strategy
13 and yields a factor of 8.

14 We develop ¢-GAME, a strategy that proceeds greedily while keeping track of tree depth
15 and average load, and show that it yields a c-competitive strategy for any k and any ¢ > v =
16 3.146193220582..., which is tight. Here v = —W_;(—=z), where W_, is the lower branch of
17 Lambert’s W-function, which is also known as the product logarithm. We also provide a tight
18 characterization of the critical competitive factors v for any specific £ > 3; in particular, we establish
1 y3 = 2.27883..., v4 = 2.49221.. ., y18 = 2.99961.. ., implying that 3-GAME is 3-competitive for all
0 k<18.

21 2012 ACM Subject Classification Theory of computation — Online algorithms; Computing method-
2 ologies — Planning and scheduling

23 Keywords and phrases Online search, group exploration, balanced allocation, competitive analysis

2 Digital Object Identifier 10.4230/LIPIcs.ISAAC.2022.118
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A Useful Lemma

» Lemma 3. For analyzing the worst case for strateqy c-GAME with k > ¢ > 2, it suffices
to consider

1. J,Ej) = MAXgJ;)l — &9 with e > 0 arbitrarily small for alli,j afteri=1,57 =1.

7 1

2. MAXY) = AVGY) for alli and all j > 2.
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A New Strategy for General Trees
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A New Strategy for General Trees
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Recursion

D, : total distance traveled by a robot after iteration i

' d; : new distance traveled by a robot in iteration i

' New
D; D; d.
(/ _|_ 1— k l C C I k
" Ny ) )
new old total duplicated old average added to average
' Rearrange
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1 }
boi DT ith x> 1 being a zero of the function f(z) = (k — 1)z* — k?z + k?> — 2k + 1. |

wz—l
T ————— ——— — s
k—1 c
k k—1 k
_ R S—
Tk (k—ck)xk +lc—c;y
k—1 __ ¢k
:Bk _Ck—l
T > 1
1 1
(1+ )T =1
Ck;—l
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is ci-competitive, where cy, satisfies cx = .
kak—(k—1)zf !

p , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1.
k
et —— — — e —————
k—1 _ Crk
(k — ck) k — cx

o

| (k—cr)zf —(k— 1Dz '+ ¢ =0

g

k k—1

Cr — % 1 <
xk -

4 k—2 k 2 2
. x k—1)xf — kx, + k“ —2k+ 1
| Derivative k (( )2k )
(ot — 1)’
k
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Analysis

» Lemma 1. For any fixed k, Strategy MAX+AVG is cx-competitive, where cy satisfies cy =
K k—1
iz _gfc__ll)xk , with 3, > 1 being a zero of the function f(z) = (k — 1)z* — k%z + k? — 2k + 1.
k
T ——— —————tem — e —

RS S

Ck

Ol [ Q|| |Ww|N| >

—
(=]

%]
(=)

8

100

1,000
10,000
100,000
1,000,000

PR~ ———r—
{b Theorem 2. Strategy MAX+AVG is cx-competitive, for the values shown in Table 1. Moreover,
these values are tight. )
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Analysis

kxk — (k— 1)z
y — 1

Cr =

2 = (1+ 3)=

—

k(1+5)—(k-1) 1+ 2

Ck = 1 = 1

(1 + %) o (142 )k—1 (1 + %) o (142 )k—1
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Analysis

. k(1+ %) —(k—1) 1+ 2
k — z — z
(1 + ?k) o (1_}_%)19—1 (1 + Tk) o (1+%)k—1
) 14+ 2z 1+ 2z
hm 2k 1 — 1 —2
k—inf (1 4 2%) — Ry —e
. zZ( z
| Derivative © ( Z1e 2)
(=12
|Zerolof e~ : z + 2

= W_i(— %) = 3.146193220582....
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Analysis

» Theorem 3. Algorithm MAX+AVG is c-competitive for all k, where c is the solution of the
equation e¢ = c + 2. This is the value W_,(— ) = 3.146193220582.. ., where W_; is the
lower branch of Lambert’s W-function. Moreover; this is tight: For any ¢ < ¢, MAX+AVG is not

c’-competitive for large enough k.
e —— o — = ERE———

e’ (—z+e”—2)
(e 1)°

e’ = 2+ 2

c=W_i(—2%) = 3.146193220582. . .
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Part 2.2:
Rendezvous Search
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ANNALS OF IMPROBABLE RESEARCH

Lovers

Journeys (Sometimes) End in Lovers Meeting

by Tim Healey

Barnsley, South Yorkshire, England

Itis well-known that the advised
strategy when you have arranged
to meet someone at a certain place
and have failed to make contact,
is to remain still, rather than to
move about in a random, or even
a systematic, pattern. There are, of
course, flaws in this policy, e.g. if
each of you remains still, you will
never meet.

Depending on the circumstances,
a better strategy might be for
one or both of you to

approach the

Venice) or at any
rate to circle it
closely (e.g. the
Eros monument,
Piccadilly Circus).
Alternatively, one
could parade round
the edges of a crowd

(e.g. in St Peter’s Square, Rome),
though unless you have widely
differing paces, you and your
friend might circle forever. Of
course, you could arrange for one
to go deosil and the other
widdershins—but who ever
supposes they will fail to meet in
the first instance?

Other techniques are less certain.
For instance, one could make sure
the TV camera spots you and hold
up a notice or banner: you could
draw attention to yourself, ¢.. by
feinting a faint, so you are passed
over the heads of the crowd, or by
streaking (when your friend
would know to contact you in the
police cell), or by, say, setting fire
to someone’s national flag, or by
volunteering to assist the knife-
thrower or fire-eater—anything to
stand out from the crowd.

Now these methods can be
applied, like other game theories,

centre of a rendez- \/\ﬁ;‘\/ Rk
§

vous point (e.g. St.  yAl€ d‘v(

Mark's Square, NS -A.%

to other situations, such as when
the soap evades your grasp in
your bubble bath. Some are just
not possible. You already occupy
the middle and are lying rela-
tively motionless to conserve the
bubbles. You are already naked
and there is no crowd to help you
(in ordinary circumstances). You
can hardly turn round, but you
can make the soap travel. If you
make

swimming motions with one or
both hands (one cephalad, one
caudad), the soap will be carried
by this induced current and will
eventually touch a hand, when
you can attempt its capture. If this
does not work, you will know
that the soap is either hidden
directly under you at some point,
or it had leapt clean out of the
bath and is beyond easy retrieval.'
If we then return to our former
problem, we can see how this
insight can redeem the failure of
the rendezvous. All one has to do
is to initiate crowd movement, so
that your friend will be carried
past you or you remain isolated
s0 he can see you.

There are various means by which
this might be accomplished. For
instance, I once saw it done in the
Grand Place, Brussels. A brief-
case was left prominently on
some steps and a shout went up
to the effect that it was a bomb.

Although there are many exits
from the square, this method
ensured that the square was soon
empty, so that in similar circum-
stances you would be clearly
visible to your friend as you
collect your “bomb.”

A shout of “Fire” has a similar
effect, but this needs strategic
placement, because fire-doors and
exits tend to be multiple
and you will not stand
out in a deserted
building. The old
Martini technique is not
to be advised: your
friend could not get
near enough to
recognise you for the
crowd, each member of
which is insisting on
telling you the only way
to make a perfect
cocktail.

We can also learn from
experience. | once had arranged to
meet a representative of Philips
Electro-Medical at Hamburg main
railway station. Having tried
(nearly) all the foregoing tech-
niques and it becoming obvious
that he was nowhere near the
station, | rang Philips (night
security staff only then present),
found out the name and number
of the managing director of
Philips in Hamburg and invited
myself to dine with him. The man
who was supposed to have met
me turned up five hours later. |
was in no pain.?

On the other hand, when I was
due to be met at Ben Gurion
airport, Tel Aviv, another friend
did not turn up. I had no Israeli
money, and no idea of where-
abouts I could stay. Eventually,
the post office opened and agreed
to exchange some telephone
tokens for dollars. [ rang the
number on my friend’s most
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Journeys (Sometim

by Tim Healey
Barnsley, South Yorkshire, Eng

It is well-known that the advised
strategy when you have arranged
to meet someone at a certain place
and have failed to make contact,
is to remain still, rather than to
move about in a random, or even
a systematic, pattern. There are, of
course, flaws in this policy, e.g. if
each of you remains still, you will
never meet. “
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Two Dimensional Rendezvous Search
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Published Online: 1 Feb 2001 | https:/doi.org/10.1287/opre.49.1.107.11191

Abstract

We consider rendezvous problems in which two players move on the plane and wish to
cooperate to minimise their first meeting time. We begin by considering the case where both
players are placed such that the vector difference is chosen equiprobably from a finite set. We
Abstract also consider a situation in which they know they are a distance d apart, but they do not know
the direction of the other player. Finally, we give some results for the case in which player 1
knows the initial position of player 2, while player 2 is given information only on the initial
distance of player 1.
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Rendezvous Search

Rendezvous Search

Two people who want to meet

Possible objectives:
- Minimize expected time for a meeting with starting points chosen
randomly from a given distribution.
- Minimize worst case.
- Maximize probability for a meeting when travel distance limited.

Possible scenarios:
- Unlimited visibility in an environment with obstacles.
- Limited visibility in an environment with obstacles.
- Zero visibility.

Other constraints that may apply:
- Players do not know where they are.
- Players have to choose symmetric strategies.

First introduced by Alpern (1995) for some one-dimensional scenarios.
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One Dimension

Oue - Dimensionar  Revoezvous
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Grid Scenario
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Meeting Vectors
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A Proof of Optimality
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Searching

Limited Visibility

1+2r=7.283

1Ly
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A Better Solution

\
la=1

b=5r/3=5.236
c=2cosm/6)-1=0.732

p L = a+b+c= 6.968
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An Optimal Solution

An Optimal Strategy under Limited Visibility

L = a+b+c+d = 6.800
1+21=7.283

Gluss (1961): This is optimal
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2-Dimensional Rendezvous

A Rendezvous Search Problem

? e 9
\ 4“' ’
d d
¢ =
')‘0"‘ ! d d ‘.)

Trying to meet another player at distance d

Given:

but no knowledge of each other’s position.

- Players with maximal speeds Y} and % at distance d,

Each player has a compass; player | has enough fuel to travel distance s
player2 has enough fuel to travel distance 3.
- Zero visibility.

|

Wanted: good strategies!

- For sufficient amounts of fuel, minimize the expected time for a meeting.
- Minimize the maximal time for a meeting.

- Maximize probability for a meeting when fuel limits matter.
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A Feasible Solution

““Waiting for Momma’

The faster player (or the one with more fuel) searches a circle of radius d.

The slower player (or the one with less fuel) stays put.

*“Waiting for momma’’ results in:

d(1+m) expected time

Y
M maximal time
v
1
sl-d
n probability for a meeting
yo'«":?Q .
gﬁ ¢ Technische
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A Different Strategy

The “‘Kissing Circles’” Strategy

v Y,
, and dy =d —
v+Y, VY,

Let d] = d

Player 1 moves at speedv = first a distance of d, south,

then following a clockwise circle of radius d; .

Player 2 moves at speed V., ; first a distance of d, north,
then following a clockwise circle of radius d, .

This is a valid strategy, and it results in:

1+7 .

q( T ,) expected time
Mty
d(1+2n) ) )
———~ maximal time
VY
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A Proof of Optimality

Why the “‘Kissing Circles’” Strategy Is Optimal

Consider the motions of the two players:

,’ Xp (1)
\ X1 (1)

In a coordinate system centered at Player 1 this looks as follows:

X2 (1)
X (1) - Xp (1)

- X1 (V)

In this coordinate system, we have the following search problem:

Player 2 moves with speed at most v 1tV
and has to search a circle of radius d

centered at his original location.

This means we cannot beat

d(1+m) e d(142m) . ’

V| v, expected time, _V| v, maximal time.
Technische
Universitat | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2024

Braunschweig

119



More General Scenario

Limited Fuel

If s+s < d, the chance of meeting is 0, so consider

s+s,>d.
C/
si(ti V]
Y v,
Let dj=d ——= and dy =d Ay ,and

2 1

assume  S;/vy > S3/ vy

Player | moves at spced\'l ; first a distance of d, south,
then following a clockwise circle of radius d; .

Player 2 moves at speed V., ; first a distance of d_, north,

then following a clockwise circle of radius d» .
When player 2 rounds out of fuel, player | changes to a circle of
radius d around an appropriate center.

Again, we can argue that this is optimal.
This results in a probability of meeting of

min { % - I}

Furthermore, we get optimal time, if there is a meeting.
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Two Dims in Distress

Lost ar Sea

Do‘sfm J . Pltyv 1 knows jeital Pcﬁf{onof r’o,gr 2
Plaer 2 knows iwitial distance , but has no sense of
direction.

Minimize upccu valee For n«.ﬁ\!!
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Solving a Special Case
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Trajectories

3

il y(@)

0.6 4

04 4

0.2 4

0 T T T T T T J
0 0.5 1 1.5 2 25 3 35

1L
o™ e,

%2 Technische

. z . oy e

%g lélmverslﬁat. | Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2024
7 raunscnweig

£
~

<

o
5
o,

Nscv

)




Part 3: Robot Swarms
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Tree Exploration with k=1: (1) Local Rules

Depth-First Search
(DFS)

Robot colors the edges
Initially uncolored

Color added each time
an edge is traversed

Localized strategy:

At any crossing, pick

an edge according to

the following priorities:
uncolored edge
colored once

STOP when all edges
colored twice
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Tree Exploration with k=2:
(2) Emergent Structure
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Tree Exploration with k=2:
(2) Emergent Structure

r
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Upper Bound k=2:
(3) Global Quality

OPT = 2xB <
OPT = 2><(R+G+B)x%
= 2xR+ B X
ALG=14 ALG = %xOPT+OPT
= %xOPT
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Part 3.1:
Online Triangulation
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Video!

Triangulating Unknown Environments

conference
S.P. Fekete, A. Kréller, L.S. Kyou, J. McLurkin, C. Schmidt:
Triangulating Unknown Environments Using Robot Swarms,
Video and abstract. In: Proceedings of the 29th Annual ACM Symposium on Computational Geometry (SoCG 2013), 345-346.

James McLurkin Alexander Kroller
SeoungKyou Lee Christiane Schmidt
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Part 3.2:
Local Routing
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Dual Routing

Note: The dual graph is stored implicitly in primal vertices!
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Dual Routing

s ;(5,8)

| @ p(s5,2)
conference '

S. K. Lee, A. Becker, S.P. Fekete, A. Kroller, J. McLurkin:
Exploration via Structured Triangulation by a Multi-Robot System with Bearing-Only Low-Resolution Sensors,
NEW To appearin: 2014 IEEE International Conference on Robotics and Automation (ICRA 2014 '

in R that are separated by at least one triangle, i.e., the
triangles Az, A, in 7 that contain s and g do not share
a vertex. Let p(s, g) be a shortest polygonal path in R that
connects s with g, and let dy (s, g) be its length. Let p7(s, g)
be a 7T-greedy path between s and g, of length d, (s, g).
Then dp, (s,9) < ¢~ dp(s,g) +2, for c = | 2% ] Fn(%’ and

dPT(S’ g) < c - dp(sa g)’ for ¢/ = I-%”J sin(a/2)°
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Part 3.3: Local Patrolling Policies
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Time Stamps in the Dual Graph

Numbers: Time of last visit
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Least Recently Visited

O Patrolling
robots

@—@ Dual Graph

22]

31

36 2521

Least Recently Visited (LRV):
Move to vertex with oldest time stamp

Good news: LRV achieves full coverage.

Bad news: The coverage time of LRV can be exponentially large.
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LRV: Experimental Results

O Patrolling

robots Y m
@—@ Dual Graph 4. ( ) Max-Refresh Time
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Part 4:
Controlling Massive Particle Swarms
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Moving Small Objects

Tetrahymena pyriformais
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This Part

e Massive particle swarms

conference
A. Becker, E.D. Demaine, S.P. Fekete, G. Habibi, J. McLurkin:
Reconfiguring Massive Particle Swarms with Limited, Global Control,
NEW In: ALGOSENSORS 2013, pp. 51-66, Springer LNCS 8343, 2014.

-

o IN/o actahlich nncitivia raciilte fnr

confterence

A. Becker, E.D. Demaine, S.P. Fekete, J. McLurkin:
Particle Computation: Controlling Robot Swarms with only Global Signals,
( NEW To appearin: 2014 |EEE International Conference on Robotics and Automation (ICRA 2014)

combining theory and practice ™
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Part 4.1: Why Obstacles Are a Nuisance

.ﬁ|§ Tech sche

| Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2024

141

hwg



Obstacles as Opponents

 Targets may not be easy to reach.
* Motion planning gets quite tricky in parallel.
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Complexity: Binary Variables

Choice: left or right?
Independent choices?!

Lo X3 X4

Choice only matters when it is a variable’s “turn”!
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Complexity: Binary Variables

Minor detail: Avoid reversible choices!
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Complexity: Clauses

L1 L3 T4
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Complexity: Truth Checking

O1 02 03 04 Os5
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Complexity: Overall Construction
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Complexity: Summary

l Theorem 1. GLOBALCONTROL-MANYPARTICLES is NP-hard: given an initial configuration of movable l
| particles and fized obstacles, it is NP-hard to decide whether any particle can be moved to a specified location. l
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Part 4.2: Why Obstacles Are a Blessing
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Life without Obstacles

Lack of obstacles can be harmful!
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How Obstacles Can Be Helpful
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More Obstacle Action!
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More Obstacle Action!
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Multiple Permutations
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Multiple Permutations

Theorem 3. For any set of k fized, but arbitrary, permutations of n X n pizels, we can construct a set of ;

O(kN) obstacles, such that we can switch from a start arrangement into any of the k permutations using at
most O(log k) force-field mowves.
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Designing Obstacles

CW: (12) CCW: (123456789)

| Sandor P. Fekete | Online Robot Navigation | Online Algorithms 2024

156



Designing Obstacles

Lemma 5. Any permutation of N objects can be generated by the two base permutations p = (12) and;

7= (12---N). Moreover, any permutation can be generated by a sequence of length at most N? that consz'sts}
of p and q.
e

Theorem 6. We can construct a set of O(N) obstacles such that any n x n arrangement of N pizels can be?
rearranged into any other n X n arrangement T of the same pizels, using at most O(N?) force-field moves.
T ——

CCW: (123456789)
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Designing Obstacles

Lemma 7. Any permutation of N objects can be generated by the N base permutations p; = (12),p; =
(13),...,pnv-1 = (1(N —1)) and g = (12--- N). Moreover, any permutation can be generated by a sequence
of length at most N that consists of the p; and q.

T ————

Theorem 8. We can construct a set of O(N*) obstacles such that any n x n arrangement of N pizels can

be rearranged into any other n X n arrangement m of the same pizels, using at most O(N log N) force-field |
moves. !
A —————

Theorem 9. Suppose we have a set of obstacles such that any permutation of an n X n arrangement of |
pizels can be achieved by at most M force-field moves. Then M is at least Q(N log N). ..

Proof. Each permutation must be achieved by a sequence of force-field moves. Because each decision for a
force-field move {u,d,l,r} partitions the remaining set of possible permutations into at most four different
subsets, we need at least Q(log(N!)) = Q(N log N) such moves. O
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Theoretical Comp

Theoretical Co Mwnce 36 (198 6265 239CO m p I eX | ty‘ 265 \

THE COMPLEXITY OF FINDING MINIMUM-LENGTH
GENERATOR SEQUENCES

Mark R. JERRUM

Department of Computer Science, University of Edinburgh, Edinburgh EH9 3JZ,
Scotland (United Kingdom)

Communicated by M.S. Paterson
Received July 1983
Revised May 1984

Abstract. The computational complexity of the following problem is investigated: Given a permu-
tation group specified as a set of generators, and a single target permutation which is a member
of the group, what is the shortest expression for the target permutation in terms of the generators?
The general problem is demonstrated to be PSPACE-complete and, indeed, is shown to remain
so even when the generator set is restricted to contain only two permutations. The restriction g
ge ; cardinality is the best possnble. as the pmblem bccomcs soluble in_pg :
if the generator set COTNe QDA : of this problem is that
it does not fall under the headmgs of ‘two person games’ or ‘formal Ianguagcs which cover the
great majoritv of known PSPACE-complete problems. Some restricted varei~== of the problem.
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Part 4.3: A Real-World Demo!
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Demo with Real Objects
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Demo with Real Objects
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Conclusions

*More work in theory and practice!
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Thank you!
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