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Preface: Processors and Mobile Objects
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 “Smart Dust”
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 Mobile Objects and Robots
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Part 1: One Robot
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Part 1.1:  
Looking around a corner
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Art Gallery Problems



Watchman Problems



Online Searching

competitive ratio

achieved time
c = sup

optimal time



Online Exploration of Simple Polygons

?



How to Look Around a Corner

achieved = d

  optimal = ε

achieved = L

  optimal = d
achieved = πd/2?



An Autonomous Robot



- Two 90W (200W)     
motors 
- 48 NiMH a 4500mAh 
- C167 Microcontroller 
- CAN Controller 
- PIII-800 Notebook

The robot Kurt3D is a leightweight (22.5 kg). 
 
It’s the fastest reliable controlled indoor 
robot of the world!

Kurt3D



Scan Cost



 The AIS 3D Laser Scanner
• Based on a regular (e.g., SICK LMS-200) laser scanner  
• Relatively cheap sensor 
• Controlled pitch motion (120° v) 
• Various resolutions and modi, e.g., reflectance measurement 

{181, 361, 721} [h] x {128, …, 500} [v]  points 
• Fast measurement, e.g., 3.4 sec (181x256 points)

Mounted on mobile robots 

for 3D collision avoidance 

and building 3D maps. 



 The ICP (Scanmatching) Algorithm
Scan registration Put two independent scans  

into one frame of reference

Our on-line on-board version of ICP: 
• reduced point sets, representation in Apx-kD-trees 
• registers two scans (181x256 pts) in <1.4 sec (P-III-800)

Iterative Closest Point algorithm [Besl/McKay 1992] 

For prior point set M (“model set”) and data set D 
1. Select point correspondences wi,j in {0,1}  

2. Iteratively minimize for rotation R, translation t 

• quaternion-based calculation of rotation 
• works in 3 translation plus 3 rotation dimensions 
 -> 6D SLAM



Close-Ups on a Closed Loop Model

Complete Point Model 
View from top, and two 
details as viewed from 
scanner height.

Error Distribution: 
• Equal distribution 

(middle) 
• Local refinement 

(right)

Other Application 
Autonomous Mine Mapping 
(CMU)



Interpreting Maps by Labeling Objects

Detected 
chair

Classification

Reflexion Image

Depth Image

Attention

Depth Image

Reflexion Image

Attention 
Focus

[Frintrop et al, IROS-2004]



A Learned Cascade of Classifiers

[Nüchter et al, IAS-2004]

• Learn objects directly from 3D scans 

• Simple, efficiently computable features 
[Viola and Jones 01]

• Learn the combination of these features using 
Ada-Boost [Freund and Shaphire 96] 
 
 
 
 
 

• Objects at different scales are detected by rescaling the classifier. 

• Finally use a cascade to lower the false detection rate!



An Autonomous Robot



Short Distances

1scan

achieved: 2 sc
optimal: (1+ε) sc
achieved: >4 sc
optimal:    2 sc

achieved
optimal = 1.84= 1.81



Larger Distances

4.4 scans

achieved
optimal = 2.17= 2.12= c=



A Lower Bound
Theorem:  No strategy can guarantee a   

competitive factor below 2.

Sketch: Assume factor  

Use induction to show that for the i-th step 
length, we have 

Then the total distance is bounded by               

a contradiction.



Asymptotics

d=40
c=2.0016FAILURE

!
c=2.0015SUCCESS

!

2.00

c

d



An Upper Bound
Theorem:  The circle strategy is asymptotically optimal.

Sketch:      Consider a factor  
Show that for large circle diameter, the step length 
grows expontially, as long as the direction is close to 
being orthogonal to the wall.

Show that in this manner, a large step length can be 
reached. More specific, show that an average step 
length of at least 5 can be achieved at some point.

(3)

(2)

(1)

Show that once the average step length is at least 5, 
it stays above 5. Thus, any necessary total distance 
can be traveled.



Practical Application

~8m
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Part 1.2:  
Exploring rectilinear polygons
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Motivation

• Watchman problem 
• Online, continuous vision: 

- optimum watchman route 
(L1-metric) in simple 
rectilinear polygons 
(Deng et al.) 

- c=26.5 in simple 
polygons (Hoffmann et 
al.) 

- No competitive online 
algorithm for polygons 
with holes (Albers et al.)
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Motivation

• Autonomous robot 
without continuous vision 
(scan costs) 

• Watchman route 
• Online problem 
• Several classes of 

polygons 
• Is it possible to achieve a 

competitive strategy?
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Polygons with Holes



38

Polygons with holes

Proposition:
There is no strategy that achieves a bounded competitive 
ratio for the watchman problem with scan costs in case of 
a polygon with holes/obstacles. 
This statement holds even if the polygon is rectilinear.
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Proof of the proposition

• Show: competitive ratio 
Ω(√n )   

• Polygon with obstacles 
(panpipe) 

• Further obstacles: placed 
depending on the strategy 
of the robot

n

½
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Proof of the proposition

• The shape of the inserted 
objects depends on the 
path of the robot. 

 

The robot 
traverses 
the row:

The robot 
does not turn 
into the row 
(from this 
side):

The robot walks into 
the row, but turns 
back:

1 1

1

1
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A Competitive Strategy for 
Simple Rectilinear Polygons
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Extensions

• Two subpolygons 
• Necessary and essential 

extensions 
• Advantage in rectilinear 

polygons

P

S

extension E of S

starting point

FP[E]
non-dominated 
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A competitive strategy for simple rectilinear polygons

• Problem with niches 
• It is necessary to limit the 

number of scan points
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A competitive strategy for simple rectilinear polygons 

• Minimum side length a 
• Consider the distance to 

the next corner (reflex 
vertex): walk beyond the 
corner if the distance to it 
is “short” 

• Adapt the step length of 
the robot to the minimal 
necessary step length 

• Move to the projection of a 
corner and not to the 
corner itself 

• Do not scan on each 
necessary extension
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Optimum?

Order of extensions 

• GREEDY-ONLINE algorithm for 
a robot with continuous vision. 

• Based on a proposition of Chin 
and Ntafos: 

 Any optimum watchman route 
in P, a simple rectilinear 
polygon, will have to visit the 
essential edges in the order in 
which they appear on the 
boundary of P’ (the new 
polygon obtained by removing 
the “non-essential” portions of 
the polygon). 

• Transfer of this proposition.

1.

2.

3.
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GREEDY-ONLINE algorithm

• Taut-Thread-Principle 
• Consider the contiguous 

part of the boundary that 
was already visible from 
some point of the route 

• Either f  is a 270° corner 
or a corner blocks the 
sight such as only f – is 
visible
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A competitive strategy for simple rectilinear polygons

• Extensions of the GREEDY-
ONLINE algorithm 

• Interval case vs. extension 
case 

• Reaching the extension on an axis-
parallel path without a change of 
direction is possible/impossible 

• In all cases of the case 
differentiation: 

– In case the robot runs beyond 
the extension: the robot is (is 
not) able to cover the total 
planned length 

– Positive line creation vs. 
negative line creation
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Binary search in the strategy

• Non-visible region (NVR): 
An area in which the parts 
of the boundary, which 
would be visible by simply 
passing them with 
continuous vision, are not 
yet completely visible. 

• Discover passed non-
visible regions with binary 
search. 

• If the optimum nees k 
scans in an interval, the 
robot which uses the 
strategy will need 
maximum 
– k binary searches (for 

each an upper bound is 
given) or 

– 2k binary searches if the 
NVRs may appear on two 
sides
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Turn adjustments

• The optimum may have 
the opportunity to turn off 
before the robot, following 
the strategy, does. 

• The robot may discover a 
corridor inside a non-
visible region. 

Ø Adjustments to have the 
best basic position for the 
next turn 

• Minimum corridor width ak
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The strategy

a ≤ 1: 
 A.  An axis-parallel move to E is possible without a turn 

• e≥2a+1: interval case 
 Let di be the actual distance to the perpendicular of the next 

counterclockwise extension 
– If di >2a+1, move to the perpendicular of the corner 
– If di ≤ 2a+1:  If di >a: cover a distance of 2di+1 
   If di ≤ a: cover a distance of 2a+1 
 Apply binary search if necessary, that means, if non-visible regions appear. 
– If no corner appears on the counterclockwise side, move directly to E. 

 In case we run beyond E with a step of length 2di+1/2a+1: 
i. If we do not cover the total distance, because of the boundary: Run as far as possible, go 

back to E, move back in steps of length 1, apply binary search for NVRs (on the 
counterclockwise side till E, on both sides beyond E) and if a corridor is identified, use it and 
make turn adjustments 

ii. If we may cover the total distance: 
I. negative line creation: Apply binary search, if a corridor is discovered inside a NVR, 

use it and make turn adjustments. 
II. Positive line creation: Go back to E, move back in steps of length 1, apply binary 

search and search for a corridor and the critical extension, make turn adjustments. 
• e<2a+1: extension case 
 Cover a distance of 2e+1. In case:..( i., ii.) 

  



51

The strategy

a ≤ 1: 
 A.  An axis-parallel move to E is possible without a turn 

• e≥2a+1: interval case 
• e<2a+1: extension case 

 B.  An axis-parallel move to E is not possible without a change of     
direction:  Let bi be the distance to the sight-blocking corner. 

• e ≥a+1: interval case 
• No non-visible region up to the sight-blocking corner 
• Along the boundary up to the sight-blocking corner occur non-visible regions 

• e<a+1: extension case 
a > 1:  
 Similar; with scans every time a distance of a is covered. 

  

m1=bgk1
bak1

bgk1
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An example

starting point

d1

f

f e

m1
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The competitive ratio of the strategy

• If we assume a = ak: 

      

c≤  
 

a upper bound for c

1 55.2294

0.8 51.8168

0.7 50.2083

0.5 50.0000

0.1 54.8000

0.01 67.0336

0.0001 93.4919

0.000001 120.0661
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Part 1.3:  
Searching with turn cost
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Online Searching
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Template: “Math Prog Talk”
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Linear Search
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Doubling
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Turn Cost
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An Open Problem
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An Open Problem
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Positions
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Conditions
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An Infinite LP
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Solving the Infinite LP
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Solutions



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 

71

Verifying the Solution
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Verifying the Dual
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More General Problem
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Constraints
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Solving the Problem



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 

76

Solution II
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Dual Variables
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Dual Routing
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Dual Routing
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Dual Routing
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Part 2: Several Robots
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Part 2.1: Online Tree Exploration
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Asymptotics

d=40
c=2.0016FAILURE! c=2.0015SUCCESS!

2.00

c

d
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 Collective Tree Exploration
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Tree Exploration

r

                          
                          

                          

Given: 
Unknown tree T, root r 
k robots, initially located at r 

Task:  
Explore T and return to origin 

Objective:  
Minimize maximum workload
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Tree Exploration

r

                          
                          

                          

Given: 
Unknown tree T, root r 
k robots, initially located at r 

Task:  
Explore T and return to origin 

Objective:  
Minimize maximum workload
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Previous Work

r

                          
                          

Dynia et al. (2006): 
• Lower bound of 3/2 on            
     competitive factor 
• An appropriate greedy algorithm 

achieves competitive factor of 8
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Better Lower Bounds

r

                          
                          

                          

•Lower bound of 5/3  
on competitive factor for k=3 

•More sophisticated examples yield   
lower bound of 
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Better Lower Bounds

                          
                          

                          

•Lower bound of 5/3  
on competitive factor for k=3 

•More sophisticated examples yield   
lower bound of 
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Better Lower Bounds

                          
                          

                          

•Lower bound of 5/3  
on competitive factor for k=3 

•More sophisticated examples yield   
lower bound of 
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r

A New Strategy for General Trees
• Lower bounds on actual OPT: 

- Known MAX distance 
- AVG of known total distance 

• Strategy MAX+AVG: 
- Choose some c. 
- Robots take turns,            

one at a time. 
- Keep track of MAX and AVG. 
- Travel c times lower bound. 

• Factor c is achievable, if we can 
keep going - so if we can travel 
arbitrarily far. 

• Observations:  
- Duplicated distance  DUP   

is bounded by MAX. 
- In worst case,       

MAX=AVG=DUP. 
- This yields a recursion for 

distances traveled.

c=2.3?
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A New Strategy for General Trees
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A Useful Lemma
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A New Strategy for General Trees
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A New Strategy for General Trees
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 Recursion
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} } } } }

new old total duplicated old average added to average
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 Analysis
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Analysis
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Analysis
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Analysis
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Analysis



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 

103

Analysis
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Part 2.2:  
Rendezvous Search
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Lovers Meeting



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 

106

Publication
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Rendezvous Search
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One Dimension
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A Grid Scenario
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Grid Scenario
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Meeting Vectors
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A Proof of Optimality
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Searching
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A Better Solution
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An Optimal Solution
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2-Dimensional Rendezvous
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A Feasible Solution
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A Different Strategy
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A Proof of Optimality
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More General Scenario
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Two Dims in Distress
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Solving a Special Case
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Trajectories
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Part 3: Robot Swarms
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Tree Exploration with k=1: (1) Local Rules

                          

Depth-First Search 
(DFS) 
Robot colors the edges 

Initially uncolored 
Color added each time 
an edge is traversed 

Localized strategy: 
At any crossing, pick 
an edge according to 
the following priorities: 

uncolored edge 
colored once 
STOP when all edges 
colored twice
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Tree Exploration with k=2: 
(1) Local Rules
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Tree Exploration with k=2: 
(2) Emergent Structure

                          
                          

r

r

r
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Upper Bound k=2: 
(3) Global Quality

ALG=14
                          

                          

r
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Part 3.1:  
Online Triangulation
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Video!
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Part 3.2:  
Local Routing
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 Dual Routing
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Note: The dual graph is stored implicitly in primal vertices!
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 Dual Routing
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Part 3.3: Local Patrolling Policies
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 Time Stamps in the Dual Graph
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Numbers: Time of last visit
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 Least Recently Visited

136

Least Recently Visited (LRV): 
Move to vertex with oldest time stamp

Good news: LRV achieves full coverage.

Bad news: The coverage time of LRV can be exponentially large.
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 LRV: Experimental Results
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Part 4:  
Controlling Massive Particle Swarms
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 Moving Small Objects

139



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 This Part

140

•Massive particle swarms 
•Global control, not individual motion 

•We show hardness for                      
given, external obstacles 

•We establish positive results for          
designed, additional obstacles 

•Work in progress,                      
combining theory and practice 
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Part 4.1: Why Obstacles Are a Nuisance
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 Obstacles as Opponents

142

•   Targets may not be easy to reach. 
•   Motion planning gets quite tricky in parallel.

Cottonwood leaf vascular network
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 Complexity: Binary Variables

143

Choice only matters when it is a variable’s “turn”!

Choice: left or right? 
Independent choices?!
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 Complexity: Binary Variables

144

Minor detail: Avoid reversible choices!
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 Complexity: Clauses
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 Complexity: Truth Checking
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 Complexity: Overall Construction
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SUCCESS!
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 Complexity: Summary
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Part 4.2: Why Obstacles Are a Blessing
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 Life without Obstacles

150

Lack of obstacles can be harmful!
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 How Obstacles Can Be Helpful
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 More Obstacle Action!

152



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 More Obstacle Action!

153



 

| Sándor P. Fekete |  Online Robot Navigation  | Online Algorithms 2024

 Multiple Permutations
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 Designing Obstacles
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 Designing Obstacles
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Breaking News on Complexity 
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Breaking News:  
PSPACE-Completeness!More on Complexity!
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Part 4.3: A Real-World Demo!
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 Demo with Real Objects
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 Demo II
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•More work in theory and practice!
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Thank you!


