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Wanted:  Subdivision of P by disjoint vertex connections into triangles

Problem 5.1

Definition 5.2
• A diagonal in a polygon connects two distinct vertices; its interior lies inside the polygon.
• Two different diagonals in a triangulation may share end points, but nothing else.



Motivation

5



Motivation

5



Motivation

5



Motivation

5



Motivation

5



Motivation

5



Motivation

5



Superhero!

6



Superhero!

6

@eimnihellas



Superhero!

6



Superhero!

6

Captain  
Triangular



1. Introduction 

2. Existence 

3. Properties 

4. Algorithms: Removing ears 

5. Algorithms: Finding diagonals 

6. Algorithms: Monotone polygons 

7. Algorithms: Monotone decompositions 

8. Faster algorithms 

9. Application: Art Gallery problems 

10. Application: Online triangulation

Overview

7



Existence

8



Existence

8

When does a polygon have a triangulation?



Existence

8

When does a polygon have a triangulation?

Lemma 5.3



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:

Consider the bottommost 

of all leftmost vertices.



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Exercise 5.4

Proof:

Consider the bottommost 

of all leftmost vertices.



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Exercise 5.4

Every polygon has at least three convex vertices.

Proof:

Consider the bottommost 

of all leftmost vertices.



Existence

8

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Exercise 5.4

Every polygon has at least three convex vertices.

Proof:

Consider the bottommost 

of all leftmost vertices.

vi



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



Consider the connection between predecessor and 

successor of      .


If this is a diagonal, we are done.


Otherwise, there is at least another vertex

inside the triangle                        . 

Consider the one furthest from the line                    .

The connection to      is a diagonal.


Existence

9

Lemma 5.5
Every polygon has a diagonal.

Proof:
vi�1

vi+1

vi
vi

vj
vi�1, vi, vi+1

vi�1

vi+1

vi

vi�1, vi+1

vj

vi

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.



1. Introduction 

2. Existence 

3. Properties 

4. Algorithms: Removing ears 

5. Algorithms: Finding diagonals 

6. Algorithms: Monotone polygons 

7. Algorithms: Monotone decompositions 

8. Faster algorithms 

9. Application: Art Gallery problems 

10. Application: Online triangulation

Overview

10



Properties

11



Properties

11

Theorem 5.7



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

11

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12



Properties

12

Theorem 5.8



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

12

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now 



Properties

13



Properties

13

Theorem 5.9



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.

Note that each dual edge corresponds to



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.

Therefore, a cycle corresponds to a closed path
of interior points that surrounds a boundary vertex
- a contradiction to a simple polygon having
a connected boundary.



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.

Therefore, a cycle corresponds to a closed path
of interior points that surrounds a boundary vertex
- a contradiction to a simple polygon having
a connected boundary.

Corollary 5.10



Properties

13

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
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Note that each dual edge corresponds to
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Corollary 5.10

Every triangulation of a simple polygon has two „ears“ - leaves in the dual.
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Definition 5.13
A polygon P is monotone (in y-direction), if every 

x-parallel line intersects it in a connected segment.

Observation 5.14

A polygon P is monotone, if and only if it does not

have a cusp: a reflex vertex v such that the vertices 

before and after are both above or both below v. 

Corollary 5.15
A polygon P is monotone (in y-direction), iff its boundary 

consists of two y-monotone chains.
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Thank you for today!


