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- Ch 4: Voronoi diagrams

- Ch 5: Polygon triangulation
- Ch 6: Point triangulation
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Algorithms: Removing ears
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Algorithms: Monotone polygons
Algorithms: Monotone decompositions
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Application: Art Gallery problems

10. Application: Online triangulation
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
Wanted: Subdivision of P by disjoint vertex connections into triangles
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
Wanted: Subdivision of P by disjoint vertex connections into triangles
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
Wanted: Subdivision of P by disjoint vertex connections into triangles

AN

Definition 5.2
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
Wanted: Subdivision of P by disjoint vertex connections into triangles

AN

Definition 5.2
* A diagonal in a polygon connects two distinct vertices; its interior lies inside the polygon.
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Goal

Problem 5.1
Given: A (simple) polygon P in R?
Wanted: Subdivision of P by disjoint vertex connections into triangles

AN

d

Definition 5.2

* A diagonal in a polygon connects two distinct vertices; its interior lies inside the polygon.
 Two different diagonals in a triangulation may share end points, but nothing else.
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Motivation

THE ART GALLERY PROBLEM
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Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms
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Application: Art Gallery problems

10. Application: Online triangulation
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Existence

When does a polygon have a triangulation?
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Existence

When does a polygon have a triangulation?

Lemma 5.3
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:

Consider the bottommost
of all leftmost vertices.
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:

Consider the bottommost
of all leftmost vertices.

Exercise 5.4
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:

Consider the bottommost
of all leftmost vertices.

Exercise 5.4

Every polygon has at |least three convex vertices.
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Existence

When does a polygon have a triangulation?

Lemma 5.3

Every polygon has a convex vertex.

Proof:

Consider the bottommost
of all leftmost vertices.

Exercise 5.4

Every polygon has at |least three convex vertices.
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Existence

Lemma 5.5
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Existence

Lemma 5.5
Every polygon has a diagonal.
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Existence

Lemma 5.5
Every polygon has a diagonal.
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Vi1
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Existence

Lemma 5.5
Every polygon has a diagonal.
UV;—1
Proof: '
(%)

Vi1

WIL
o .f’&(

2 |32 Technische
X

*}i > Universitit
%7A|725 Braunschweig

OIVch‘




Existence

Lemma 5.5
Every polygon has a diagonal.
UV;—1
Proof: ’
Consider the connection between predecessor and
successor of v;.
Uy

Vi1
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Vi—1

Vi+1
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, V4, Vi41 .
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, V4, Vi41 .
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, V4, Vi41 .
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, Vi, Vi4-1.
Consider the one furthest from the line Vi—1,Vi+1.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, Vi, Vi4-1.
Consider the one furthest from the line Vi—1,Vi+1.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;

iInside the triangle Vi—1, Vi, Vi4-1.

Consider the one furthest from the line Vi—1, Vi41.
The connection to v;is a diagonal.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;

iInside the triangle Vi—1, Vi, Vi4-1.

Consider the one furthest from the line Vi—1, Vi41.
The connection to v;is a diagonal.
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Existence

Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;

iInside the triangle Vi—1, Vi, Vi4-1.

Consider the one furthest from the line Vi—1, Vi41.
The connection to v;is a diagonal.

Theorem 5.6
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Existence

Lemma 5.5
Every polygon has a diagonal.
UV;—1
Proof: ’
Consider the connection between predecessor and
successor of v;.
Uy

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;

iInside the triangle Vi—1, Vi, Vi4-1.

Consider the one furthest from the line Vi—1, Vi41.
The connection to v;is a diagonal.

Theorem 5.6
Every polygon can be triangulated.
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Lemma 5.5
Every polygon has a diagonal.

Proof:

Consider the connection between predecessor and
successor of v;.

If this is a diagonal, we are done.

Otherwise, there is at least another vertex v;
iInside the triangle Vi—1, Vi, Vi4-1.

Consider the one furthest from the line Vi—1,Vi4+1.

The connection to v;is a diagonal.

Theorem 5.6
Every polygon can be triangulated.

Proof: Induction.
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Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms
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Application: Art Gallery problems

10. Application: Online triangulation
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Theorem 5.7
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Properties

Theorem 5.7
A triangulation of a simple polygon with 7 vertices has n-3 diagonals.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
d2='n—k3+1—3
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3

dg =n — k? -+ 1 — 3

diagonals. Now

WILgy

e

[3) &

g”:;_i ‘3% Technische
< .g v 2 . g oo

o%§> Universitat
) .

»7#|* %5 Braunschweig
'70 v é

Nsc¥




Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
d2=n—k+1—3

diagonals. Now
d=dy +dy+1
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
d2=n—k+1—3

diagonals. Now
d=di+do+1=k+1—-34+n—-k+1—-3+1
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3

diagonals. Now

d=dy+do+13k+1-3+n—-k+1-3+1
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
d2='n—k3+1—3

d=di+do+13k+1-3Hn—-k+1-3H1

diagonals. Now
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Properties

Theorem 5.7
A triangulation of a simple polygon with n vertices has n-3 diagonals.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

di=k+1-3
d2='n—k3+1—3

d=di+do+1g3k+1-3Hn—-k+1—-3H1=n-—3.

diagonals. Now
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Properties

Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.
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Properties

Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.

Proof:
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Properties

Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
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Properties

Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Theorem 5.8
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Proof:
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Properties

Theorem 5.8
A triangulation of a simple polygon with n vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
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Theorem 5.8
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Properties

Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now
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Theorem 5.8
A triangulation of a simple polygon with 7 vertices has n-2 triangles.

Proof:

Induction over n: The claim is clear for n=3.
For larger n, consider a diagonal, subdividing P into a (k+1)-gon and an (n-k+1)-gon.
By assumption, these have

diagonals. Now
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Theorem 5.8
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.
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Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.
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Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.
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Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.

Note that each dual edge corresponds to
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.
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Theorem 5.9
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.

Therefore, a cycle corresponds to a closed path .
of interior points that surrounds a boundary vertex

- a contradiction to a simple polygon having

a connected boundary.
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.

Therefore, a cycle corresponds to a closed path .
of interior points that surrounds a boundary vertex

- a contradiction to a simple polygon having

a connected boundary.

Corollary 5.10
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Properties

Theorem 5.9
The dual graph of a triangulation of a simple polygon is a tree.

Proof:

The dual graph is trivially connected.

Assume it contains a cycle.

Note that each dual edge corresponds to
a path of interior polygon points.

Therefore, a cycle corresponds to a closed path .
of interior points that surrounds a boundary vertex

- a contradiction to a simple polygon having

a connected boundary.

Corollary 5.10

Every triangulation of a simple polygon has two ,ears” - leaves in the dual.
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Overview
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Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms
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Application: Art Gallery problems

10. Application: Online triangulation
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Ear Removal
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Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.
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Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.
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Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.
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Ear Removal
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Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.
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Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.

« Remove it.

NILzy

Universitat
o o
Braunschweig

o v & .
:ﬁ ‘32 Technische
g

Nsce

15



Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.

« Remove it.

NILzy

Universitat
o o
Braunschweig

oM H, .
Jﬁ ‘32 Technische
g

Nsc$

15



Ear Removal

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.
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Ear Removal

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
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Ear Removal

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity:
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Ear Removal

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)
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Ear Removal

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)

- Checking whether vertex is and ear:
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Ear Removal

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)
- Checking whether vertex is and ear: O(n)
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Ear Removal

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)
- Checking whether vertex is and ear: O(n)

* Finding an ear:
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Ear Removal

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)
- Checking whether vertex is and ear: O(n)
- Finding an ear: O(n?)
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Ear Removal

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:
« Checking convexity: O(1)
- Checking whether vertex is and ear: O(n)
- Finding an ear: O(n?)
Total:

NILzy

e

> Universitat

O . v
A
OIVscﬁé

o & .
,g”:;_i ‘3% Technische
< 23 %z

Braunschweig

15



Ear Removal

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find an ear.
« Remove it.

- Update polygon.

Runtime:

« Checking convexity: O(1)

- Checking whether vertex is and ear: O(n)

- Finding an ear: O(n?)
Total: O(n?)
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Ear Removal (Improved)

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.
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Ear Removal (Improved)

Input: Vi,...,Vn, sorted listof t* -

Pattern Recognition Letters

volume 14, ssue 9, Segtember 1993, Pages 719-732

Output:  List of internal diagonals ¢

Slicing an ear using prune-and-search

Hossam ElGindy, Haz=l Everstt, Codfried Tousszint A

Show more v

an. Share %9 Cile

nttps:(/doi.org/LC.1C16,0167-8655(93)90141-Y Get rights and content

Abstract

1t 15 well known that a diagonal of a simple polygon P can be found
in lincar time with a simple and practically efficient algorithm. An
ear of Pis o triangle such that one of its edges 1s a diagonal of P and
the remaining two edges are edges of P An ear of P can easily be
found by first triangulating P and suhsequently searching the

triangulation. However, although a polygon can be triangulated in
linear time, such a procedure is conceptually difficult and not
practically efficient. In this note we show that an ear of P can be
found in linear time with a simple, practically efficient algorithm
that docs not require pre-triangulating P
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Ear Removal (Improved)

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.
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Ear Removal (Improved)

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
* Find all convex vertices.
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
- Find all convex vertices. O(n)
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

- Find all convex vertices. O(n)
- |dentify all ears.
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11
Initialize: (once)
- Find all convex vertices. O(n)
- |dentify all ears. O(n?)
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

* Find all convex vertices.
- |dentify all ears.

[ g
S

Update: (ntimes)
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

* Find all convex vertices.
- |dentify all ears.

=28
3.3
N

Update: (ntimes)

* Remove ear.
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

* Find all convex vertices.
- |dentify all ears.

=28
3.3
N

Update: (ntimes)

* Remove ear.
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

* Find all convex vertices.
- |dentify all ears.

=28
3.3
N

Update: (ntimes)

* Remove ear.
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

- Find all convex vertices. O
- Identify all ears. O(n )

Update: (ntimes)

- Remove ear. O(1)
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

- Find all convex vertices. O
- Identify all ears. O(n )

Update: (ntimes)

- Remove ear. O(1)
- Update convexity.
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Ear Removal (Improved)

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
- Find all convex vertices. O
* |dentify all ears. @)
Update: (ntimes)

« Remove ear.
- Update convexity.
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
- Find all convex vertices. O
- |dentify all ears. O

Update: (ntimes)

- Remove ear.
- Update convexity.
- Update ears.
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

- Find all convex vertices. O(n)

- |dentify all ears. O(n?)
Update: (ntimes)

+ Remove ear. O(1)

- Update convexity. O(1)

- Update ears. O(n)
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)

- Find all convex vertices. O(n)

- |dentify all ears. O(n?)
Update: (ntimes)

+ Remove ear. O(1)

- Update convexity. O(1)

- Update ears. O(n)

Total:
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Ear Removal (Improved)

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.11

Initialize: (once)
- Find all convex vertices.
- |dentify all ears.

Update: (ntimes)

—~
S
DO —

Q O

- Remove ear. O(1)
- Update convexity. O(1)
- Update ears. O(n)
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Overview

== N

. Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms

© © N o O M O D

Application: Art Gallery problems

10. Application: Online triangulation
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Diagonal Recursion
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Diagonal Recursion

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.
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Diagonal Recursion

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:
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Diagonal Recursion

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.
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Diagonal Recursion

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:
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Diagonal Recursion

Input: V1,...,VUpn, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:
* Find a diagonal.

NILg

v

‘32 Technische
v A . g oo

S Tgo | Universitat
%

o o
Braunschweig
Nsce

18



Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

- Find a diagonal.
* Insert it.
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

- Find a diagonal.
* Insert it.
* Recurse over subpolygons.
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:

* Testing a chord:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:

* Testing a chord:

« Checking all chords:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:

» Testing a chord: O(n)
« Checking all chords:
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:

» Testing a chord: O(n)
« Checking all chords:
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:
» Testing a chord: O(n)
. i : O(n?)
Checking all chords:
Total: O(n*)
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Idea:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:
» Testing a chord: O(n)
. i : O(n?)
Checking all chords:
Total: O(n*)
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:

* Find a diagonal.
* Insert it.
* Recurse over subpolygons.

Runtime:

- Consider a convex edge:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:

* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons.

V;

Uit1

Runtime:

- Consider a convex edge:
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:

* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons.

V;

Uit1

Runtime:

- Consider a convex edge: O(1)
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Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:

* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons.

V;

Vi1

Runtime:

- Consider a convex edge: O(1)

« Check connection:

NILg

e

‘32 Technische
v A . g oo

S Tgo | Universitat
%

o o
Braunschweig
Nsce

19



Diagonal Recursion

Input: V1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:
* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons.

V;
Runtime: it
- Consider a convex edge: O(1)
» Check connection: O(n)
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:
* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons. |

v;
Runtime: it
- Consider a convex edge: O(1)
» Check connection: O(n)
Total:
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Diagonal Recursion

Input: v1,...,Un, sorted list of the vertices of a simple polygon P.

Output:  List of internal diagonals of P, v;v;, determining a triangulation of P.

Algorithm 5.12:
* Find a diagonal.
* Insert it. Vi—1
* Recurse over subpolygons. |

v;
Runtime: it
- Consider a convex edge: O(1)
» Check connection: O(n)
Total: O(n?)
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Overview

== N

. Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms

© © N O O & O D

Application: Art Gallery problems

10. Application: Online triangulation
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Monotone Polygons
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Monotone Polygons

Definition 5.13
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.

Observation 5.14
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.

Observation 5.14

A polygon P is monotone, if and only if it does not
have a cusp: a reflex vertex v such that the vertices
before and after are both above or both below v.
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Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.

Observation 5.14

A polygon P is monotone, if and only if it does not
have a cusp: a reflex vertex v such that the vertices
before and after are both above or both below v.
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Monotone Polygons

Definition 5.13
A polygon P is monotone (in y-direction), if every
x-parallel line intersects it in a connected segment.

Observation 5.14

A polygon P is monotone, if and only if it does not
have a cusp: a reflex vertex v such that the vertices
before and after are both above or both below v.

Corollary 5.15

A polygon P is monotone (in y-direction), iff its boundary
consists of two y-monotone chains.
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
Input: A y-monotone polygon P
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Algorithm 5.16
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
Input: A y-monotone polygon P
Output:
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
Input: A y-monotone polygon P
Output: A triangulation of P
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16

1
Input: A y-monotone polygon P )
Output: A triangulation of P 3
4
1. Sort vertices by y-coordinate > 6
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Output: A triangulation of P '

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 1234
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1. Sort vertices by y-coordinate
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 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
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* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 40)
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 6 10 13
Input: A y-monotone polygon P
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2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 40)
3. Processing vertices in sorted order: 11
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3.2 If same chain, predecessor reflex:
« Add to queue
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Algorithm 5.16
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A y-monotone polygon P
A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
3.1 If opposite chain:
« Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex:
« Add to queue
3.3 If same chain, predecessor convex:
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Algorithm 5.16 Queue: 6 10
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 6 10 14
Input: A y-monotone polygon P
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1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
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Algorithm 5.16 Queue: 6 10 14
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
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* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
3.1 If opposite chain:
« Connect to all vertices in chain, leave in
queue
3.2 If same chain, predecessor reflex:
« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update

NILzy
&
<

O v
o3¢ | a2 Technische

3 > Universitat
L) o
»78|%%5  Braunschweig

O scvﬁé

22



Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 6 10 14
Input: A y-monotone polygon P
Output: A triangulation of P 3
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2. Maintain queue of vertices still to be processed 7 «
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 Further vertices in same chain if predecessor 9
reflex 40
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3.1 If opposite chain: 12
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Output: A triangulation of P 3
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2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 40
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain_leave in
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 6 10 14
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 40
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain_leave in
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3.2 If same chain, predecessor refiex.

« Add to queue
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 1014
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 40
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain_leave in
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3.2 If same chain, predecessor refiex.

« Add to queue
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 1014

1
Input: A y-monotone polygon P )
Output: A triangulation of P 3
4
1. Sort vertices by y-coordinate > 6
8
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19
11
17
18
1

* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor

2. Maintain queue of vertices still to be processed
reflex
3. Processing vertices in sorted order:

7 <

3.1 If opposite chain: 12

« Connect to all vertices in chain,_leave in

queue g;) 13

3.2 If same chain, predecessor refiex.

« Add to queue )
3.3 If same chain, predecessor convex: 16

« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 1014
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
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3.1 If opposite chain: 12
« Connect to all vertices in chain,_leave in
queue g;) 13
3.2 If same chain, predecessor refiex.
« Add to queue -
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3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue:
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

3.1 If opposite chain: >
« Connect to all vertices in chain,_leave in

queue (Chain)

3.2 If same chain, predecessor refiex.

« Add to queue

3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 14
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
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9
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3.1 If opposite chain: 12
« Connect to all vertices in chain,_leave in
queue g;) 13
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 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
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3.1 If opposite chain: 12
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 14 15
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
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3.1 If opposite chain: 12
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 14 15

Input: A y-monotone polygon P
Output: A triangulation of P
1. Sort vertices by y-coordinate

2. Maintain queue of vertices still to be processed 7 «

1
2
3
4
5
6
* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11

3.1 If opposite chain: 12
e Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex:
« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Algorithm 5.16 Queue: 14 15
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3.1 If opposite chain: 12
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3.2 If same chain, predecessor refléx: @
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3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Algorithm 5.16 Queue: 14 15

Input: A y-monotone polygon P
Output: A triangulation of P
1. Sort vertices by y-coordinate
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* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11

3.1 If opposite chain: 12
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3.2 If same chain, predecessor reflex: 14 @
« Add to queue

3.3 If same chain, predecessor convex:
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 1
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed 7 «
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* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11

3.1 If opposite chain: 12
« Connect to all vertices in chain In
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3.2 If same chain, predecessor reflex: 14 @
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3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue:
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

3.1 If opposite chain: >
« Connect to all vertices in chain N
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3.2 If same chain, predecessor reflex:
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3.3 If same chain, predecessor convex:
« Ear! Connect and update

NILzy
&
<

O v
o3¢ | a2 Technische

% > Universitat
L .
»7#|* %5 Braunschweig

O scvﬁé

22



Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 16
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
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3
4
5
6
7 ¢
8
9
10
11

3.1 If opposite chain: 12

« Connect to all vertices in chain In

queue 13

3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor convex: 16

« Ear! Connect and update 17

18
19

NILzy
&
<

O v
o3¢ | a2 Technische

3 > Universitat
- o
»7#|* %5 Braunschweig

O scvﬁé

22



Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 16
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:
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3.1 If opposite chain: 12

« Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex: 14 @
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3.3 If same chain, predecessor convex: 16
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 16
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
2
3
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5
6
7 ¢
8
9
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3.1 If opposite chain: 12
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3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor convex:
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 16
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
A
3
4
5
6
7 <
8
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3.1 If opposite chain: 12

e Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor ¢ :
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 16
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor ¢ :
« Ear! Connect and update &5
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Output: A triangulation of P 3
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2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
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queue 13
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2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
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Output: A triangulation of P 3
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2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @

« Add to queue
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Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «

* First two vertices of unfinished subpolygon 3

 Further vertices in same chain if predecessor 9

reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor convex: 1
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
2
3
4
5
6
7 <
8
9
10
11

3.1 If opposite chain: 12

e Connect to all vertices in chain, leave in

queue 13

3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor convex: 16

« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor
reflex
3. Processing vertices in sorted order:

1
A
3
4
5
6
7 <
8
9
10
11

3.1 If opposite chain: 12

e Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex: 14 @

« Add to queue
3.3 If same chain, predecessor ¢ : 16
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Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue

3.3 If same chain, predecessor ¢ : 16
« Ear! Connect and update 85
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Algorithm 5.16 Queue: 15 17
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue
3.3 If same chain, predecessor ¢ . 16
« Ear! Connect and update 85 17
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Algorithm 5.16 Queue: 15
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue
3.3 If same chain, predecessor ¢ . 16
« Ear! Connect and update 85 17
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue
3.3 If same chain, predecessor convex: 16
« Ear! Connect and update

1
19

NILzy
&
<

O v
o3¢ | a2 Technische

3 > Universitat
- o
»7#|* %5 Braunschweig

oIVscvt‘é

22



Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue
3.3 If same chain, predecessor convex: 16
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 18
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue 13
3.2 If same chain, predecessor reflex: 14 @
« Add to queue
3.3 If same chain, predecessor convex: 16
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 18
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed

1
2
3
4
5
6
7 ¢
* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3
16
17
19

« Connect to all vertices in chain, leave in
queue 1
3.2 If same chain, predecessor reflex: @

« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update

3.1 If opposite chain: 12
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 18
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed

1
2
3
4
5
6
7 ¢
* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
Q
16
17
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« Connect to all vertices in chain, leave in
queue 1
3.2 If same chain, predecessor reflex: @

« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update

3.1 If opposite chain: 12
14

NILzy

%

O v
o3¢ | a2 Technische

3 > Universitat
L) o
»78|%%5  Braunschweig

oIVscvt‘é

22



Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 15 18
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed

1
2
3
4
5
6
7 ¢
* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3
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16
17
© E

3.1 If opposite chain: 12
e Connect to all vertices in chain, leave in
queue
3.2 If same chain, predecessor reflex: 14

« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue: 18
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue
3.2 If same chain, predecessor reflex: 14
« Add to queue
3.3 If same chain, predecessor convex: 16
« Ear! Connect and update
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Input: A y-monotone polygon P
Output: A triangulation of P 3
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 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex: 14
« Add to queue
3.3 If same chain, predecessor convex: 16
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Monotone Polygons [Garey, Johnson, Preparata, Tarjan 1978]

Algorithm 5.16 Queue:
Input: A y-monotone polygon P
Output: A triangulation of P 3

1. Sort vertices by y-coordinate 6
2. Maintain queue of vertices still to be processed 7 «
* First two vertices of unfinished subpolygon
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
« Connect to all vertices in chain, leave in
queue
3.2 If same chain, predecessor reflex: 14
« Add to queue
3.3 If same chain, predecessor convex: 16
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Algorithm 5.16 Queue:
Input: A y-monotone polygon P 21
Output: A triangulation of P 3
4
1. Sort vertices by y-coordinate > 6
2. Maintain queue of vertices still to be processed 7 «
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 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
3.1 If opposite chain: 12
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Algorithm 5.16 Queue:
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
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4
5
7 ¢
* First two vertices of unfinished subpolygon 3
 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
1&
16
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3.1 If opposite chain: 12
e Connect to all vertices in chain, leave in
queue
3.2 If same chain, predecessor reflex: 14
« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update

Theorem 5.17 Algorithm 5.16 can triangulate a y-monotone polyon in O(n).
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Algorithm 5.16
Input:
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A y-monotone polygon P
A triangulation of P

1. Sort vertices by y-coordinate
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« Ear! Connect and update Ear
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Algorithm 5.16 Queue:
Input: A y-monotone polygon P
Output: A triangulation of P

1. Sort vertices by y-coordinate
2. Maintain queue of vertices still to be processed
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 Further vertices in same chain if predecessor 9
reflex 10
3. Processing vertices in sorted order: 11
1&
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3.1 If opposite chain: 12
e Connect to all vertices in chain, leave in
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3.2 If same chain, predecessor reflex: 14
« Add to queue
3.3 If same chain, predecessor convex:
« Ear! Connect and update
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Algorithm 5.18:
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------ Theorem 5.19:
Triangulating a simple polygon can
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Note: Lower bound of €2(nlogn) only applies to non-simple polygons.
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Faster Triangulation

Note: Lower bound of €2(nlogn) only applies to non-si = N

W1 N 1 Iveary el L

AN O(n log log n)-TIME ALCORITHM FOR
TRIANGULATING A SIMPLE. POLYGON®

RUBERT E. TARJANT: anp CHEINTOUFHER 1. VAN WYY

Abstesct. Giver s smple sovertre polygen, the fafang e'aWan peadeom 15 1 part San the aveno of the
polvgor ive a2 trisaghks by sddisg & 3 momintericct og diagenals, We propose an O 'x log kogn)-time
P rog ress - slpechibm ke 1t prodiem. [mproving o ths prevewsly test tound o O e kg &' amd show ay that risgs-
L] lation & oot mi hasd i sceting.  Lirpeoved algosityrs for keveral COMer compuiaticmil geoneiry Moblaws,

inchading teating whether a pelypon s simgle, fol ow From ous remlt,

Koy words, amertiaed tume, balanzed dimide and conquar, Mtarogenscus Mager cassch tree, Yoncgene-
e Bages vosndh lecs, buriacnts vaallity inforsaalion, Jordas sonting v @ conoe wor ouior, singdicily Losts
‘l‘

Tarjan and van Wyk (1988): O(nloglogn) AU s o B 96

1. Intrediction. Tet P be an reertex simple palygon, defdred by a lia
Y01, e o¥aoy Of I8 ratacs in Clickwise oeder around the Doundary. (The inteio
of the polygon is to the right as anc walks cleckwisc zround the boundary) We
deasts e bouadary of 2 by 9P, We amume throughcut this poper (witaout loss of
gearrality) that the ves1ioes of P havs distiast p-cocrdinates. For convemioncs we
defire v, m vy, The evger of P ure the open line sepments whose endpoints are v,
for 0 € 1 < n. The dlagona's o Poare the apen line segments whise erdpants arz
vertices and that lic catucly in the interics of P, The wiangulation problert s to fnd
#—3 monintersectiag diwgonals of A which partition the intzrier o7 Pinw 22 trian-
gles.

If ¥ 15 convex, any pair of veriices cohinis a disgonal, and it 5 sasy to tricezulate
Pln ©(#) tme. If Pk not cooves, not all pairs of vert.ces define diagomals, ard even
finding one disgonal, ler alone wriangulzting P, Is not 2 irivial preblem. In 1978,
Garcy, Johisan, Preparata and Tajan 110] prescted an O le loga)-inx U asgulation
algorithm. Sincc then, wark oa the preblery has proceaded in twe dirctions. Some
asthere have deweloped Lnear-time algonthms for trangulatiap cpedia. classes cf
pAypang, cuck & roroione polygoes [10] ard star-sbaped palygone 31), Othess have
dovised trizngulstion wlgerithms whose ~unming time is O (obog &) for o parameter k&
(el somzhew quantfies the compladiy of the palygom, such a¢ the numrber of reflex
angkes [13] or the “sincosity™ [5], Since these mcasures al' admit classes o polygons
with & = QU the warst eass ranning tims of tazse nlgerithms is caly known to ¢
D0 lcgr). Delermining whetaer tnangulation csn te dome i o(xlogn) e, e,
asymprotically faster 1han sortng, has beer one of the forsmost open problems In
Gmnpu s lions | gecmetny

Im his paper we peapese sn O (1 loglog #)-1ime triangulatlon slgarieam, therety
siowing Ut trangubstion s isdead cesxs Uee sworting. The paper & & revised amd
sarrceted version of a confercece paper [27] which arrorcously cheirmod an O (a)-time
alzonthm. “The goal ol cbtanmng 3 linsar-lime algositkm remane slwsive, bul our

*Recsived by the cdilcen Scplermber 8, 1984; nzocpied for gublcamticn Grn revacd formy Agril 22
1987, Typosct on Judy 28, 1557 21 AT Bell Lators orice, Murray HiL Nea Jenoy

TATET Eell Laboeaiories, Murrey Hill Neow Jersey 07974,

tDepanrsen of Covpurs Sciesce, Privceson | miversity, Privcesn, New Jesesy 08464, The work of
the antor was partialy rupporied by Natomad Saence Foandaon gramt DR ¥60 61,
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Faster Triangulation

Note: Lower bound of 2(nlogn) only applies to NON-Si . coroums s e —
Geometry

L M OnpT- VETAE Mew TOr I

Progress:

Polygen Triangulation in O(n log log »#) Time with
Simple Data Structures®

Tarjan and van Wyk (1988): O(nloglogn)

Dawd G. Swkpatrick,' Mana M. Klawe,* and Kobert E. Tarjan’

! Departmen: of Computer Science, Un versity of Britih Columbia,
Vancouver, Britsh Columba, Canala Y6T 122

* Departnent of Conpuier Scierce, Priscetsn University,
Princeton, NJ 08540 USA, and
NEC Resarch Fistiwre

Kirkpatrick, Klawe, Tarjan (1992): O(nloglogn)

Abstact.  We glve a new Oin log log r)-time deterministic algorithm for triangala-
ting nmple n-vertex polygons, whica avoids the we of complicated data structurcs
Is additon, for palypons whose vertices have intoger coosdinates of polymominlly
bounded siae, the igorithm can be modifed to run in Onlog® n' tine. The major
nmw leckniques employed are the eficxent locatioa of horizental visibiity edges that
partiion the interior of the polygon inlo ragions of approxmalely eqaal size, ard a
liscar-time algorithm for oblaming the hornizental viibility partivon of 3 subchan
of a polygosal chain, roam the hodiaontal risibdity partition of the entise chain. The
Isttes technique has ovher inwresting appleations including 2 inear-time algoarithm
to convert & Stziner tnangulaticn of a polygon irto 1 true inangulation.

L Introdsction

Let ¥ be a simple polygen with n vertices, The diagonals of P are the open line
scpucnts whose cudpuints are vertices of the polygon asd chat lic entircly in the
intcrior of P A iriangelation of I* is a pattiton of its interior iato n — 2 triangles
by adding n — 3 nonintersecting diagonals. The problem of triangulating a simple
polygon, that is, determining the set of nonintersecting disgonali, has attracted
conuaderable attention in computatioral peometry hiterature asd clsewhere

T 1Dt rescanch was partally suppored by (3¢ lollowing grimts NILEKLU MI334, NSERC SHNKS,
ONRNIDOILR1L0MT, and by DIMACS, an NSF Sdence and Tecamology Center (NSF ETCRE

M641).
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Faster Triangulation

Note: Lower bound of €2(nlogn) only applies to non-si

Ditcrate Compat Geom 4470437 (1589 G""" PR P——

cometry

19 Sonimger Verlg New Yok s

Progress:

A Fast Las Yegas Algorithm for Triangulating 2 Simple Polygon

Tarjan and van Wyk (1 988) O (n log log n) Kenaeth L. Clarkson,’ Robert E. Tarjan,'** and Christopher J. Van Wyk'

'ATAT Bl Labonataries, Muray Hil, R)079%4, USA

" Departrsemt of Computer Science, Princeton Umirersity, Princeton, NJ 08544, USA

Abstrac. Wi presemt a randomued algorithar thet Giasgelaies a smple pulypon

oF mvertices 0 Oa leg® m) expested time. The averagng inthe analysis of runeng

Kirkpatrick, Klawe, Tarjan (1992); O(nloglogm) | oy o s

1. Introduction

To tidangulare a simpl: polvgon on n vertices, we add 10 it # —3 line s:gments

H . *k betweea vertices (diagonals’ that partition its mterior into tnangles. Dstermining

C I arkSO n y Tarj an y Van Wyk (1 989) . O (n log n) the complexity of triangu at ng a simpk polygon is an outstanding open problem
in compulational geometry.,

Previons werk or the triangulation pmblen has concentrated 0a finding fast
deterministic algorithms 10 solve it. Garey e ol gave an algorithm (o triangulate
an mgonin Oln logn! time [GJPT]. Tangan and Van Wrk devised & much more
complizated algorithm that runs in Q\n log leg #) e [TV].

In this revised and expanded version of our conference paper [CTV], we
present a randomized algorithm that triangulate: a simple polygon on n vertices
it O(nlog* n) eapocted lime. Our slgorthm uses the fullowing key ideas

® divide and conquer

& the “random sampling” paradigm [C1),[CS),[ES] [HW];

& the veriical visibility decemposition determ ned by a 52t of aoncrossing line
scgments in the planc: cech cedpoint of a line segment defines the vertical
boundaries of two gencraliced trapezoids, gencrated by vertical rays tha.

* Rewcarch parialy wmpponed by the Natvomal Sclenc: Fousdadoa usder Grast No. DR
Renses
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Faster Triangulation

Note: Lower bound of €2(nlogn) only applies to non-si

Eocrcie Comput Geomn 5. 48324 (1971) [ ——
Geometry

£ Spv e Varleg Teew Terd

Progress:

Triangulating a Simple Polygon in Linear Time*

Tarjan and van Wyk (1988): O(nloglogn) | wmacu

Ivpartment of Coerputer Sownce, Panceton Laveersity
Frncetoa, NJ U, UNA

Absfract. Ao give a deterrsinstic slgonthr “or trangnlating 2 simple polygoa in
lincar timee  The hace strategy 8 10 Paald 5 coares aspecumaiion of a trmagukcion
. . . . in a bottom.up phas= and then uie the information computed aloag the way Lo refine
KIrkpatrICk, Klawe, Tarjan (1 992)_ O (n log log n) the tragulation is a topdewr paase. The main tools used ace the pelygee-cutting
theorers, wheh provides s with a bakising scheme, and the plasar separator

theorems, whose role i essential in the diicovery of sew disgoan’s Only slerrenisry
data strustures are raquired 5y Lhe algonthm. In particular, ro dyramio search tsees,

finger treex, or potal-lecation siructures ase needsd. We manticn a foew apolicaticns
of our algerithrs.

Clarkson, Tarjan, van Wyk (1989):  O(nlog" n)

L Imrocuction

Tranguloting a smple polygon has been one of the mest outtanding open
probieras in iwodimens cnal computational geometry. It is a bask privitive
compuler graphicy and. gemeradly, scems the nawural preprocessing step for most
rentrivial oprrations on simple palygons (5], [13). Recall that to tnangulate a

pelyzon is to subdivide it intc tnangles withou: adding any new vertices Despile

C hazel Ie (1 99 1 ) . O (n) 1's apparent simplaty, however, the tnangulation problem has remained dusive.

. In 1978 Garey er al. [12] gave an On log nytimz algorithm for triangalating a

smple a.gor. While it was widely helieved rhar ifangulating should he easier than

sorting no proof was 1 be found untdl 1986, when Tanan and Van Wyk [17])
ciscovered ar (e log log #i-time algontkm. Followmg this breakthrough, Clark

sonn et ol [7) discovered 3 Las Vegas algcathm, recenily singdificd by Seicd [25),
with (alog® m) expected time In 1939 Xirkpatrck er al [X] gave 5 mew

* The svthor wiibes (e sdorewledge the Nanonal Soence =onedation lor supportng this research
i part under Geami OOR §700017

NILzy
< Y

% Universitit

LA ., T —— T
32t |32 Technische '
5 ) ;i}

e -

*s Braunschweig

U y v
% :ﬁ

‘70 v

Nsc$

26



Faster Triangulation

Note: Lower bound of €2(nlogn) only applies to non-simple polygons.

Progress:

Tarjan and van Wyk (1988): O(nloglogn)

Kirkpatrick, Klawe, Tarjan (1992): O(nloglogn)

Clarkson, Tarjan, van Wyk (1989):  O(nlog" n)

Chazelle (1991): O(n)

WILgy

v, % .
3% Technische

v 2 . g oo
»> Universitat
¥ Braunschweig

Yy, e
ONsc?‘é

26



Overview

== N

. Introduction

Existence

Properties

Algorithms: Removing ears
Algorithms: Finding diagonals
Algorithms: Monotone polygons
Algorithms: Monotone decompositions

Faster algorithms

© © N o O ~» O D

Application: Art Gallery problems

10. Application: Online triangulation

WILgy

e

3517 > Universitat
- o
»7#|* %5 Braunschweig
)
Nsce

oV e .
gﬁy_& ‘3% Technische
g

27



Art Gallery Problems

MARKAL OF CYOMAMNATORIAL THROGY, Serics B 24, 3104 (197F)

Note
A Short Froof of Chyvital's VYWatchman Theorem
Sieve Fisk

Deporimom of Morhzmauics, Bowsuiln Colleyr, Beavswick, Mawe D01
Cammmncsvd dy the Edvtori

Received October 27, 1977 Martin Aigner - Gunter M. Ziegler

This ncly contains & short proel of Covkial's Walchoan Thewem using he
R ST Proofs from THE BOOK

In 1975 Chvital (1], proved the following resu't:

Tusomess. IS s a podygon with n venicax, tier theve ic @ rat T of af miost
113 peints of S such thet for any peint p of § there (5 a point o of T with tfe
sepment pa [ying enlirely in S.

I we think of § as a muscum, with pairtings on the walls, then the theerem
gives a bound o (e number of statenasy watchmen roquirsd o goarc
every part of the muscum. We present a simple sroof.

Froof.  Inangulate S se that 0o new verbices are added, Every soch
triangulation has a ecloring with three colots a, b, ¢ Lot T, be the set of
vertices codored w, and assamethac | T, oS | 1 | = 10, Choosing & — 1,
implies | ' < w3, Finally, every point ¢ of S 25 in soms triangls ¢f S, anc
every rranglzof S hasa pornd p ol T on i, Since rriangles arz convex, we hove
TS,

REFTRENCE

1. V. CuvArar, A vombinaarial cheurem in plene peametry, J. Combinamer'a’ Thaory 8
(195, 94,

3
(09519 56/ 8024312 74502.000
Cozyrigh: © 1973 by Acaerric Prevs, bac.
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Art Gallery Problems
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Online Triangulation
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Online Triangulation

Triangulating Unknown Environments
using Robot Swarms

Aaron Becker Sandor P. Fekete
James McLurkin Alexander Kroller
SeoungKyou Lee Christiane Schmidt
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Thank you for today!
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