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Overview

1. Introduction
Minimum angle and Delaunay triangulations
Minimum-weight triangulations

Min-max edge triangulations
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1 Introduction: The Problem
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Triangulations

Problem 6.1
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Problem 6.1
Given:
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A set P of points in R*
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Triangulations

Problem 6.1

Given: A set P of points in R?
Wanted: Subdivision of conv(P) into triangles
with vertices in P and disjoint interior
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Lower bound of €2(nlogn) on sorting.
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Lower bound of €2(nlogn) on sorting.
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Lower bound of €2(nlogn) on sorting. B A wmeseaNN
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Objective Functions

1. Maximize minimum angle
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Objective Functions

1. Maximize minimum angle
2. Minimize total edge length
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Objective Functions

1. Maximize minimum angle
2. Minimize total edge length
3. Minimize maximum edge length
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Objective Functions

1. Maximize minimum angle
2. Minimize total edge length
3. Minimize maximum edge length
4. Maximize minimum edge length
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Objective Functions

1. Maximize minimum angle
2. Minimize total edge length
3. Minimize maximum edge length
4. Maximize minimum edge length
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2 Delaunay triangulations
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Delaunay triangulations [Delaunay, 1934]
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Delaunay triangulations [Delaunay, 1934]
HBBECTHHA AEAJEMAW HAYE CCCP. 1934

BULLETIN IE L'ACADEMIE DB SCIENCES DE L'URSS

Clisto des sciencos Orpe1oxmd MOTAMATITPOERS
mathematiques at nataralles X 0CTOOTIOKMME WOYX

SUK LA SPHERE YIDE
A LA xMPvomre pe Gecrers Voroxoi

Par B. DELAUNAY
| Pressmté par | Vaegradev, wembre de 'dcadémse)

Scit donné un systéme quelconque de points dans P'espace & » dimeaslons.
Je me propose de considérer une sphirs se movvant enire lee points de ce systdme
¢ rétrécissant 2t s2 dilatant & volouté et assnjettie & la seule conditien d'dtre
«videw, c’est~a~dire de ne pas contenir dans son intérieur des poicts dz ce systéme.
('est la eméthode de 1a sphére videx que j’ai proposé peur la premidre fos dans
une comnunication faite an Congrés de Taronto.

Jc montre dans ce qui suit que le stheoréme fondamentals, qui est content
dans le grand mémoire de Voranaf sar les formes quadratijues inseréd dams les
tomes 134 et 135 du Joarnal de Crelle, est une corséquence presque immédiate
d’un lemme tout & fait général. Jo pense que la dimonstration plus simple du
théoréme fondamental ce Voromoi, que Je propose, ccniribuerat i répandre
parmi les gécmbtres les resultats excessivement importaots obtenus par Voronoi
dans le mémoire mantionné du Jourral de Crelle, qni étsit son dernier o2nvre.

§ 1. Lamme général. Soient T des tétragdres towt a fais arbitraires i partogent
wuniformément Tespace & » dimensions élant coniigus par des faces eabidrcoan 1
dimensions ef tels gu'un domaine guelcongque limilé (C'ed-d-dire @ diamélre limié)
ait des points communs sewlemend aves un womlre limil de ces (€fraddres, clorsle
condifion néesseaire et svfjsente pour ow avcue sphivecirconserile i un tel télvaddre
ne contisnne aans son intéricur aucun scmmet @ ancun de ces ttracdres esi qué cile
ait liew powr chague paire de dewr de ces fitratdres conbigus par wne face & »—1
dimensions, est-de-dive que dams chaqus telle pairs le somme! d'un de ces #-
traédres ne scit pas intérievwr & lo sphere circonserite & Vautre, ef récipruguemend.

Il est évident que cela est néecssaire, Mais c2la est aussi suffisant. En offet,
stit 7, on de ces tétraddres, et 4 on sommet d’un quelconque de ces tétracdres.
Soit B un peirt intériewr de 7). Sile segment de drvite AB, en passast d'ma

Y omamwm 1004, N6 - 793 — s

B ——d

gulations | Computational Geometry 2020/21

Braunschweig

9



Delaunay triangulations [Delaunay, 1934]
HBBECTHHA AEAJEMAW HAYE CCCP. 1934

BULLETIN IE L'ACADEMIE DB SCIENCES DE L'URSS

Clisto des sciencos Orpe1oxmd MOTAMATITPOERS
mathematiques at nataralles X 0CTOOTIOKMME WOYX

Soit donné un systéme quelconque de points dans ’espace i n dimensions.

SUK LA SPHERE YIDE
A LA xMPvomre pe Gecrers Voroxoi

Par B. DELAUNAY
| Preamté par | Vinegradev, wmembre de I"dcadénse)

Scit donné un systéme quelconque de points daons espace 3 » dimenslons.
Je me propose de considérer une sphirs se movvant enire lee points de ce systdme
¢ rétrécissant 2t s2 dilatant & volouté et assnjettie & la seule conditien d'dtre
«videw, c’est~a~dire de ne pas contenir dans son intérieur des poicts dz ce systéme.
('est la eméthode de 1a sphére videx que j’ai proposé peur la premidre fos dans
une communication faite an Congrés de Torento.

Jc montre dans ce qui suit que le stheoréme fondamentals, qui est content
dans le grand mémoire de Voronaf snr les formes quadratiques inseré dams les
tomes 134 et 135 du Joarnal de Crelle, est une corséquence presque immédiate
d’un lemme tout & fait général. Jo pense que la dimonstration plus simple du
théoréme fondamental ce Voromoi, que Je propose, ccniribuerat i répandre
parmi les gécmbtres les resultats excessivement importants obtenus par Voronoi
dans le mémoire mantionné du Jourral de Crelle, gqni étsit son dernier o2nvre.

§ 1. Lamme général. Soient T des tétragdres towt a fais arbitraires i partogent
wuniformément Tespace & » dimensions élant coniigus par des faces eabidrcoan 1
dimensions el tels guw'un domaine guelconque limilé (¢'ed-d-dire @ damétre limilé)
ait des points communs sewlemend aves un womlre limil de ces (€fraddres, clorsle
condition adcassaire et svffsante pour o avcune sphiveciveonsorite & ux tal tivchire
ne contismne aans son intéricur aucun scmmet d avcun de ces wirabdres esi qué cele
ait liew pour chague paire de dews de ces idracdres conbigus par une face & w—1
dimensions, est-de-dive que dams chaqus telle pairs le somme! d'un de ces #-
traédres ne scit pas intériewr & lo sphere circonserite @ Vautre, ef réciproquemend,

Il est évident que cela est néecssaire, Mais c2la est aussi suffisant. En offet,
stit 7, on de ces tétraddres, et 4 on sommet d’un quelconque de ces tétracdres.
Soit B un peirt intériewr de 7). Sile segment de drvite AB, en passast d'ma

Y omamwm 1004, N6 - 793 — ia

EE—

gulations | Computational Geometry 2020/21

Braunschweig

9



Delaunay triangulations [Delaunay, 1934]
H3BECTHA AEAJJENMAN HAYE CCCP. 1934

BULLETIN IE L'ACADEMIE DB SCIENCES DE L'URSS

Clisto des sciencos Oraeroxus MoTaMaTITIOERS
mathematiques at nataralles X 0CTOOTIOMMME MOYX

Soit donné un systéme quelconque de points dans ’espace i n dimensions. '
T
®

SUK LA SPHERE YIDE
A LA qfwomre pe Gecrars Voroxoi

Par B. DELAUNAY
| Preamté par | Vinegradev, wmembre de I"dcadénse)

Scit donné un systéme quelconque de points dans P'espace & » dimeaslons.
Je me propose de considérer une sphirs se movvant entre lee points de ce systdme
¢ rétrécissant 2t s2 dilatant & volouté et assnjettie & la seule conditien d'dtre
«videw, c’est~a~dire de ne pas contenir dans son intérieur des poicts dz ce systéme.
('est la eméthode de 1a sphére videx que j’ai proposé peur la premidre fos dans . ’
une comnunication faite an Congrés de Taronto.

Jc montre dans ce qui suit que le stheoréme fondamentals, qui est content
dans le grand mémoire de Voranaf sar les formes quadratijues inseréd dams les .
tomes 134 et 135 du Joarnal de Crelle, est une corséquence presque immédiate
d’un lemme tout & fait général. Jo pense que la dimonstration plus simple du
théoréme fondamental ce Voromoi, que Je propose, ccniribuerat i répandre
parmi les gécmbtres les resultats excessivement importaots obtenus par Voronoi
dans le mémoire mantionné du Jourral de Crelle, qni étsit son dernier o2nvre.

§ 1. Lewme général. Soient T des tétragdres towt a faii arbitraires qui partogent .
uniformément Tespace & » dimensions éland coniigus par des faces eabidycoan 1
dimensions ef tels gu'un domaine guelcongque limilé (C'ed-d-dire @ diamélre limié)
ait des points communs sewlemend aves un womlre limil de ces (€fraddres, clorsle .
condition adesseaire et svfiisente pour o ancume sphivecircomseri'e i ux tol tétraddre
ne contisnne aans son intéricur aucun scmmet d ancun de ces elracdres esi qué cile
ait liew powr chague paire de dewr de ces fitratdres conbigus par wne face & »—1
dimensions, cest-de-dive que dams chagus telle pairs le somme! d'un de ces - ® ®
traédres ne scit pas intérievr 4 lo sphére circonserite @ Vauire, ef récipruguemend.

Il est évident que cela est néecssaire, Mais c2la est aussi suffisant. En offet,
stit 7, nn de ces tétrabdres, et 4 un sommet d’un quelconqne de ces tétraédres.
Soit Bun poirt intérienr de 7). Sile segment de d-vite AB, en passaut d'wa
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Delaunay triangulations [Delaunay, 1934]
HBBECTHHA AEAJEMAW HAYE CCCP. 1934
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1

Soit donné un systéme quelconque de points dans ’espace i n dimensions. l

SUK LA SPHERE YIDE
A LA xMPvomre pe Gecrers Voroxoi

Par B. DELAUNAY
| Pressmté par | Vaegradev, wembre de 'dcadémse)

Scit donné un systéme quelconque de points dans P'espace & » dimeaslons.
Je me propose de considérer une sphirs se movvant entre lee points de ce systdme
¢ rétrécissant 2t s2 dilatant & volouté et assnjettie & la seule conditien d'dtre
«videw, c’est~a~dire de ne pas contenir dans son intérieur des poicts dz ce systéme.
('est la eméthode de 1a sphére videx que j’ai proposé peur la premidre fos dans ’
une comnunication faite an Congrés de Taronto.

Jc montre dans ce qui suit que le stheoréme fondamentals, qui est content
dans le grand mémoire de Voranaf sar les formes quadratijues inseréd dams les .
tomes 134 et 135 du Joarnal de Crelle, est une corséquence presque immédiate
d’un lemme tout & fait général. Jo pense que la dimonstration plus simple du
théoréme fordamental ce Yoronoi, que Je propese, ceniribuerat i répandre
parmi les gécmbtres les resultats excessivement importaots obtenus par Voronoi
dans le mémoire mantionné du Jourral de Crelle, qni étsit son dernier o2nvre.

§ 1. Lamme général. Soient T des tétragdres towt a fais arbitraires i partogent .
uniformément Tespace & » dimensions éland coniigus par des faces eabidycoan 1
dimensions ef tels gu'un domaine guelcongque limilé (C'ed-d-dire @ diamélre limié)
ait des points communs sewlemend aves un womlre limil de ces (€fraddres, clorsle
condition adesseaire et svfiisente pour o ancume sphivecircomseri'e i ux tol tétraddre
ne contisnne aans son intéricur aucun scmmet d ancun de ces elracdres esi qué cile
ait liew powr chague paire de dewr de ces fitratdres conbigus par wne face & »—1
dimensions, cest-de-dive que dams chagus telle pairs le somme! d'un de ces - ® ®
tragdres ne scit pas intériewr a lo sphere circonserite & Vaulre, ef récipruguemend,

Il est évident que cela est néecssaire, Mais c2la est aussi suffisant. En offet,
stit 7, on de ces tétraddres, et 4 un sommet d’un quelconque de ces tétrasdres.
Soit B un peirt intériewr de 7). Sile segment de drvite AB, en passast d'ma

Y omamwm 1004, N6 - 793 — ia
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Delaunay triangulations [Delaunay, 1934]
H3BECTHA AEAJJENMAN HAYE CCCP. 1934
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1

Soit donné un systéme quelconque de points dans I’espace i n dimensions.
T —

SUK LA SPHERE VIDE
A LA xiéwome pe Gecrers Vosoxof
Par L. DELAUNAY
| Presemté par | Vaegradev, wembre de 1" cadémie)
Scit donné un systéme quelconque de points dans P'espace & » dimeaslons.
Je me propose de considérer une sphire se mouvant enire lee yoints de ce systdme
$¢ rétrécissant 2t s» dilatant & volouté et assnjettie 4 la seule condition d'dtre
«vides, c’¢st-a~dire de ne pas contenir dans son iutérieur des poicts de ce systéme.
Yest la eméthode de la sphére videx que j’ai proposé peur la premidre fo's dans
une comnunication faite an Congrés de Taronto.
J¢ memtre dans ce qui suit que le stheoréme fondamental», qui est content

dans le grand mémoire de Voranaf sar les formes quadratijues inseréd dams les
tomes 134 et 135 du Joarnal de Crelle, est une corséquence presque immédiate
d’un lemme tout & fait général. Jo pense que la dimonstration plus simple du
théoréme fondamental ce Voromoi, que Je propose, ccniribuerat i répandre

parmi les gécmbtres les resultats excessivement importaots obtenus par Voronoi
dans le mémoire mantisrmé du Jourral de Crelle, qni était son dernier o2nvre.
§ 1. Lamme général. Soient T des tétragdres towt a fais arbitraires i partogent

uniformément Tespace & » dimensions éland condigus par des faces eadidycoan 1
dimensions et tels gw'un domaine guelcongque limilé (¢'ed-d-dire a diaméire limilé)
ait des points communs sewlemend aves un romire limils de ces (fraddres, clorsle
condition ndessenire et evfisente pour o avcume sphivecircomseri'e i ux ol tétroddre
ne contisnne aans son intéricur aucun scmmet d ancun de ces 1elvabdres é8t qué cle
ait liew powr chague paire de dewr de ces fitratdres conbigus par wne face & »—1
dimensions, cest-de-dive que dams chagus telle pairs le somme! d'un de ces -

traédres ne scit pas intériewr a lo sphere circonserite @ Vaulre, ef récipriguemend.

Il est évident que cela est néecssaire, Mais c2la est aussi suffisant. En eoffet,
stit 7, nn de ces tétrabdres, et 4 un sommet d’un quelconqne de ces tétraédres.
Soit B un peirt intérienr de 7). Sile segment de dvite AB, en passast d'wa
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Delaunay triangulation maximizes minimum angle [Sibson 1978]
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Definition 6.8 A triangulation of a finite point sei P C R? 1s called o Delaunay triangu-
lation, 2f the circumecircle of every triangle @s empty, that is, there 1s no point from
P in its interzor.
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Definition 6.8 A triangulation of a finite point sei P C R? 1s called o Delaunay triangu-
lation, 2f the circumcircle of every triangle @s empty, that is, there 1s no point from

P in its interzor.

Theorem 6.18 Let P C R? be a finite set of points in general position (not all coliinear
and no four cocircular). Let D* be the unigue Delaunay triangulation of P, and let

T be any triangulation of P. Then A(T) < A(D*).
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Delaunay triangulation maximizes minimum angle [Sibson 1978]
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Definition 6.8 A triangulation of a finite point sei P C R? 1s called o Delaunay triangu- —
lation, 2f the circumcircle of every triangle @s empty, that is, there 1s no point from
P in its interzor.
Theorem 6.18 Let P C R? be a finite set of points in general position (not all coliinear
and no four cocircular). Let D* be the unique Delaunay triangulation of P, and let
T be any triangulation of P. Then A(T) < A(D*). J—
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(a) Four cocircular peints and the
induced eight angles.
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Delaunay triangulation maximizes minimum angle [Sibson 1978]

Computational Geometry
Lecture Notes HS 2013
,4‘ ™, - ./’ ...' 1 B

",' ﬁi.}" - / ':‘\" ~ . "',~ ".,.' }

’ . ry ‘ J |

L"/, / )
- ; - S O !
Bernd Gartner <gaertnerQinf.ethz.ch> . LA TR
Michael Hoffmann <hoffmann@inf .ethz.ch> j’ NN
Definition 6.8 A triangulation of a finite point sei P C R? 1s called o Delaunay triangu- —
lation, 2f the circumcircle of every triangle @s empty, that is, there 1s no point from
P in its interzor.
Theorem 6.18 Let P C R? be a finite set of points in general position (not all coliinear
and no four cocircular). Let D* be the unigue Delaunay triangulation of P, and let
T be any triangulation of P. Then A(T) < A(D*). — - T T
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(a) Four cocircular points and the (b) The situation before a flip.
induced eight angles.
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Delaunay triangulation maximizes minimum angle [Sibson 1978]

Locally equiangular triangulations
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Minimizing maximum angle [Edelsbrunner, Tan, Waupotitsch 1992]

AN Ofp?logr) TIME ALGORITHM FOR THE
MINMAN ANGLE THIANGULATLIUN T

HERBERT FDELSHRUNNER!, T2OW SENG TAN! anD ROMAN WAUPOTTTSCH

Albstypet, Ve show that s tooaoguinbion of m set of o poante w the plaoe That mis viees the

weaEnum angx can be computed im tines O 2% log n) and space Of 3), The adgorithan ie Mairly cnsy
o lw plesne e and & hased am the sdgee meorthon scbeme thar Trerathoely Improees ar aebidorary bnorinl
triangu It om, It cam be oxtended ta the case where odges sws sesseribied, wnd, wighin ths cune
twe mnl spocebounds ) v leanographaally nsuimaes the s ol wrge voobon of the poud set o
n gemwrnl poction, BEapermamtdl read i« or the offciency of tw agorst i and the qaality of the
ooy Dot oms obtainod as wnduded,

Koy wouds, Commputativns oty two dimsusean, G angalaiiors, nsansas amgle o1 teraon,
weoraine impeemend ecgeamesT e

AMSI MON) cinbpert classieatiane 8 B ARy
Appear e SLAM T Screddafie £ Sleiata o Compnlarg, 13 (4] CO4-1008 {92!

1. Introduction. Lot S bo a finite =et of ponts in the Euchidoan plare, A
triengulation of S is a moximally ccanccted straight Line plene groph whose vertices
are Lac paats of N, By maamality, eact fee 15 a Lnanghke exeopt for the extersor
face which 15 the comglement of Lhe comvex aull ol & Qecasionally, we wall call &
trionguloticn of o finite point st n gencral treangulation in oeder to distinguish it
from a consiraincd treangufation whach 12 o trmagulotcn of a lmite paaat st whcee
soms coges nre presesibed. A specsnl cagse ol o constraaned Lriangulalion 1 Lae o
calkd palygon freangdation where & 1: the st of vertice: ol a simple polygon amx
the coges of tac polyzon nre presembed. In this paper only the tnnngles rasede the
palvgon w.ll be of it oreet,

For e given sct of n points there are, in general, sxponcatialy muay triongulotons
Among them one can choos: those that satasly eortmin requiremonts or oplim se eer
tain obpoctive Banctions, Diltzrect propertacs are deairnble for chHerent applycaticns n
arcas such as himte dement annly=is [1. 8, &), compulational geometry [21], anc zur
foce spproximntion |12, 18], The following are scme mapoetont types of triongulations
that aptumze certeam objectave fumctons,

11) The Dodavnay (noagelolion hes the property that the crcemcirck of any

triongle des mot enclose any vertex b

(1) The cons!raiacd Delasmay tnomgubateion hes the same property except that
visibihiv constrants dependmw g on the enforoed edges are wtroduced [ 115,

(111) The memmum werphd treong:dation minimuzes the tolal dge kngth over all

possible toangulat ons of the same set of poaots and preson bed edges |1, 17

It as known that the Delsvnny triangulation maxiwiess the winimem angle over all

trimngulaticns of the same noint set (29 This result can be exterdesd to s similar

staternt about the socled amgle voctor of the Delawsay Lriamealation [0] and tw

the coustranal cass (L), The Deleunay tiamulation of n poicts w the plane ca

be ccmstructed in bme Daloge) 619 and even o same edzes are prescrioed s

* Hesonevh of the fied aathor won sapgorted by tse Natioened Scicnee Fousdation under grants

CUR-87190¢0 and CCR-%021421 The secomd x5 on study leave from che Cepartmem of
Inboernntl on Sastems md Computer Saence Natioond U avesit pad Singap s, depubls ol Simgapore

! Depatmeat of Compute: Scrnoe, Unive sty of Hliwss o Us bane Chonsag o, Urbasa, NEaois
nisu UUSA
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Minimizing maximum angle [Edelsbrunner, Tan, Waupotitsch 1992]

AN Ofp?logr) TIME ALGORITHM FOR THE
MINMAN ANGLE THIANGULATLIUN T

HERBERT FDEISHRUNNERY, OW SENG TAN' AxD ROMAN WAUPOTTTSCH

Abstyaet. Oe show that s tooaoaguintion of m sel of o peate w the plase “ha! mie viees the

weaEnum angx can be commputed im tinee O3 log n) and space Of 2), The adaorithan ie Tairly «nsy
o lw plesne e and & hased am the sdgee meorthon scbeme thar Trerathoely Improees ar aebidorary bnorinl

triangu vt om, It cam be oxtended ta the case where odges aws sesscribied, wnd, wighin ths cune
Gee m i ) o S ) o i .

AN O(n?logn) TIME ALGORITHM FOR THE
MINMAX ANGLE TRIANGULATION ~

HERBERT EDELSBRUNNER!, TIOW SENG TAN! AND ROMAN WAUPOTITSCH'

Abstract. We show that a triangulation of a set of n points in the plane that minimizes the
maximum angle can be computed in time O{n° logn) and space O(n). The algorithm is fairly easy
to implement and is based on the edge-insertion scheme that iteratively improves an arbitrary initial
triangulation. It can be extended (o Lhe case where edges are prescribed, and, within the same
time- and space-bounds, it can lexicographically minimize the sorted angle vector if the point set is
in general position. Experimental results on the cfficiency of the algorithm and the quality of the
triangulations obtained are included.

trimmgulaticns of the same coint set (2% This result can be exterdsd to a similar
stateirnt about the socled amgle vector of e Delawsay Lriamgulation [6] and o
the coustranal cass (L), The Deleunay tiamulation of n poicts w the plane cu
be ccmstructed in bme DM aloge) 6,19 and even o same edzes are presonioed s
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3 Minimum-weight triangulations
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COMPUTERS AND INTRACTABILITY
A Guide to the Theory of NP-Completeness

Michael R. Garey / David S. Johnson
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COMPUTERS AND INTRACTABILITY
A Guide to the Theory of NP-Completeness

Michael R. Garey / David S. Johnson

[OPEN12] MINIMUM LENGTH TRIANGULATION

INSTANCE: Collection C={{(a,,b):1<i<n} of pairs of integers, giving the coor-
dinates of n points in the plane, and a positive integer B.

QUESTION: Is there a triangulation of the set of points represented by C that has
total “‘discrete-Euclidean’ length B or less? Here a (riangulation is a collection of
non-intersecting line segments, each joining two points in C, that divides the interi-
or of the convex hull into triangular regions. The discrete-Euclidean length of a
line segment joining (a;,6,} and (g,,b,) is given by {({a,— a)?+ (b, — b)?}*], and
the total length of a triangulation is the sum of the lengths of its constituent line
segments.

Comment: The analogous problem for the rectilinear metric is a'so open. [Llovd,
1977] presents counterexamples to a number of conjectured polynomial time algo-

rithms for the problem and proves that the related CONSTR AINED TRIANGULA-
TION problem is NP-complete.
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MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]

Minimum-Weight Triargulation is NP-hard

WOLFSANG MU LZER
Prrceton Universty

amd
GUNT=R ROTF

Freie Universitit Bedlin

Atrangulation of o panas padnt set & b arsax ol plass stralght heo graph sah sorter set &, (&
e innamexoph b angulann (MWT) pecblon, voam ockiog for o toangubston of & gve
pokg ret that minimas the sum of the edee lozihs. We povse chas the decisdoa version of tile
probise b NEGhoard veing @ rvhctarn Paw FLANAR LINCESAT The coret wora ng of 1he

rodgcts b estaldivhed itk compaier nmivance, wing dymoes ¢ programmirg on >ilygoacl feom
s well o the Ssbodesar beurstie o recid’y that cerudy edges bedong wo the miElnum-scighn
tr angulstion

Camguries aond Suljoc. Deecriptons 2.2 INomumesical Algoriiis awd Probleme]. Gor
matricy protfers and conpanal ax G.2.2 [Geath Theory|: Geaoh alporithes

Caneral Termse Algeaithxs, oy

Additizad Ky Wonde and Parases: Opt mal traxgulstisne, PLANAR 1 IN-3SAT

L. INTROJUCTICN

Givin o =t 5 of poimca in the Buclidaan plaas, o treananlcizor ) of § & 4 maximal
plano steagght-ling graah with vortex set §. “he wveigkt of 7' 1 dofned az the total
Euclidean Jemgrh of all ecges in T A triungulation tt schieves the mnimem
wagld & llal a ssiiviov-eeiaid semgslaaon IMNWT) of S,

The proalem of computing a triaaguletioe for a gives planar point set arises nas-
wrally i meay applications auch s sk cuttivg, fnte st aralyss, ferrein
modrarg, ond mueonml appreciatics. The menurem woeeght cmoangulotion hoo
attracted the attention of cxmy rescarchers, mainly due £ 18 nataral defisition of
npﬁ-u‘".,- amel ml o e bewsoaer 1wl e e x o etamt fiw e il np-
plications, We show that ccaputlug o miciouwsweghs tiaugulason ls NP<lhaid,
Nete saot 4 s ot krown whetber the NNWT peobloan & in NP, Hocouse it is an eocen
prolden whethar sams of mcicsls (amndy. Eaclidxan distance) s ba compard
In povncamial thoe [ERimcr 1991). This prodlom 's common 1o MALY geomatrc
optimizarion problems, Hoy, porhaps most fwrans'y, the FuelSesn Traveling Sales-
proson Protlem. To get o variact of the preblem that s i NP one can tabe the
wright of an ecge ¢ as the ~ourded vadae |lels|. Uwr procf also shoes that this
varsnt iz M P-compbae,

Crar procf 233 & palyromial time meductics frem POSITIVE PLANAR FIN-3-
SAT, a varian: of the mel-knson PLANAR 3-SAT probeem, walen Is & standard
tool for shenring NPonnines of peometris probhec

1.0 Cptemal  rarge 3t0es

Usually. a planar poion 30 e (aaponsenially ] meny difesen triaagekations, axd
mumy apy dicalioes ol e Grsmgalat o withorstain yonl progeetio (me Sigum 1)

Optienad trdangaladions wader verioes optinadity critera wers extensvely susveynd

Aarmal of thee ACM, Vol 0 No ¥ Viesth SWVY, Pages ! 11
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MWT is NP-hard [Mulzer and Rote, 2008]

Minimum-Weight Triargulation is NP-hard ~—
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MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]
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Fig. 5. A rectilinear embecding of graph that is asscciated with the Doolear formulea
() Vo Vog) A (e Ve Vag) A (e Voo V).
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MWT is NP-hard [Mulzer and Rote, 2008]

e

Fig. 19. Schematic view of the clause gadget. "|he dashed parts of the wires are long enough bor
sufficeatly many repivs of the winspiece and the sxtende] wire-sime to ersore that the wire ran
reach from tha lowest < connection to the eft & comnection of & (Lemma 6.1).

e e

MLy
\F '.?) »
3. |a% Technische
b 'ﬂ’ X 3 ) ’ . . . .
%5 % Universitit Jan 26 2021 | Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

~

<

(8
L)

555 *#3' Braunschweig
O “0‘
iC

15



MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]

LL: 144.135073832 ’

A~ LL: 455471523435

AN LR: 466 990265006
A/} RL: 444 283180745

/ \<_<7 RR: 455471523435

Fig. 17. Optimal solutions for all cases for the wire-piece and the extended wire-picce
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MWT is NP-hard [Mulzer and Rote, 2008]

LL: 144.135073832

A/} RL: 444 283180745

9

Fig. 17. Optimal solutions for all cases for the wire-piece and the extended wire-picce

internal cost ¢

reduced internal cost ¢

relative reduced cost €

pattern | multiplicity
LL 1
LR 2
Rl 1
RR 1

455.471523 435
466.990 265 006
444.283 180 745
455.471 523 135

455.471 523 435
405,679 921 006
135.593 524 745
435.171 523435

0.000000 000
0.208 397 570
0.122001 310
0.000 000D DO

Table 111,
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MWT is NP-hard [Mulzer and Rote, 2008]
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: é} RL: 444 283180745
VA A

LL: 144.135073832 AV, ~} LL: 455.471523435
L / |
% LR: 155.655929495 ~/ LR: 466.990265006
R

A

e

-
(}@ RL: 132950328078
\, \<_<] RR: 455.471523435

\ RR: 144.135078832
/."'\ \"‘/

Fig. 17. Optimal solutions for all cases for the wire-piece and the extended wire-picce

T —

pattern | multiplicity | internal cost ¢ | reduced internal cost € | relative reduced cost ¢
LL 1 455.471523 435 455.471 523435 0.000 000000
LR 2 406,990 265 006 435.679 921 006 0.208 397 570
Rl 1 A41.283 180 745 4535.593 524 745 0.122001 310
RR 1 455.471 523 133 435.471 523435 0.000 00D OO

Table 1. Analysis of the extended wire-picce

e LEMMA 6.1. Consider two small vertical terminal triangles at the same height

with a horizontal distance d > 230000 that is a multiple of 0.01. Then the two

triangles can be connected by a sequence of wire-pieces and extended wire-pieces.
An analogous statement holds for vertical connections.

PRrROOF. If the distance between two terminal triangles is d = 0.01 - z for some
integer z > 3 - 2740 - 2739 = 22514 580, they can be connected by concatenating
y := z mod 2740 extended wire-pieces with |z/2740| — 3y wire-pieces. []
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MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]

wire-piece extended wire-piece | thickening adapter thinning adapter
LL | 0000000000 | 0000000 000 D000051402 = = | 0000 DOO 000
LR | 0.210606 663 | 0.208 397 570 0.018 837246 0.018 887 246
RL | 0.125593 246 | 0.122001 310 0.014 627 220 0.024 627 250
RR | 0.000000 000 | 0.000 000000 0.000 0200C0 0.000051402... =5y

o connection | left bend right bend thizk left bend

LL | 0.000 000000 | 0.0C0000000 | 0.000000000 0.000 000000
LR | 0.044 001701 | 0086460895 | 0.210 506 653 | 0.891 261046
RL | 0.020571757 | 0.125593 246 | 0.125593246| 0.020571757
RR | 0.000000000 | 0.0C0000000 | 0.000000000| 0.000 000000

Table IV, The relative reduced costs ¢ for the pieces with two terminale

(o relative reduced cost o

~ ~
LLI L\\} COUSBEL DT ... = & R%/—/R RRr

I,O | il e r
l

R NN
LRI L\\\ ﬁr-/ 0.020994 716 \} M L
\
. v
LRr L\\ ,-/R 0026135215 - ,-/R LRI
=/
R L
RL! L\ /;" 0.020571 757 Ri:? RLrx
RLr R;L 0.020573 332 Rgv?“ RLI
RRI Q/ﬁ“/ 0.000000 000 = 0 ;\{?“ LLr
R/~ R L ~7 L i
RREr 0.004650878... =82 1 LLI1

e
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MWT is NP-hard [Mulzer and Rote, 2008]

wire-piece extended wire-piece | thickening adapter thinning adapter

LL

LR
RL
RR

0 000 DON KO0
0.210606 663
0.125 593 246
0.000 D00 000

0000 000 000
0.208 397 570
0.122001 310
0.000 000 000

0.000 051 402
0.018 837246
0.014 627220
0.000 0200C0

=£

0.000 DO0 000
0.018887 246
0.024 627 250

0.000051 402 . ..

5

o connection

left bend

right bend

thizk left bend

LL
LR
RL
RR

0.000 000 000
0.044 001 701
0.020 571 757
0.000 000 000

0.0C0 000 000
0.086 460 895
0.125 593 246
0.000 000 000

0.000 000 000
0.210 506 653
0.125 5935 246
0.000 000 000

0.000 000 000
0.891 261046
0.020 571757
0_000 000 000

Table IV, The relative reduced costs ¢ for the pieces with two terminale
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- Fig. 10. Schematic view of the clouze gndget. The dashed parts of the wires are long cnough for
LLI sufficiently many cepies of the wire-picoe and the extended wire-pivce to ensure that the wire can
reach trom the lowest ' connecticn to the left LY connaction of & (Lemma 6.1).
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MWT is practically solvable to optimality [Haas, 2018]
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MWT is practically solvable to optimality [Haas, 2018]
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MWT is practically solvable to optimality [Haas, 2018]

e L. A Pl _AA.. . ____\AM.°. La

more efficient geometric encodings and data structures. As a result, we are able to solve MWT
instances with up to 30,000,000 uniformly distributed points in less than 4 minutes to provable
optimality. Moreover, we can compute optimal solutions for a vast array of other benchmark
instances that are not uniformly distributed, including normally distributed instances (up to
30,000,000 points), all point sets in the TSPLIB (up to 85,900 points), and VLSI instances with
up to 744,710 points. This demonstrates that from a practical point of view, MW'T instances
can be handled quite well, despite their theoretical difficulty.
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MWT is practically solvable to optimality [Haas, 2018]
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MWT is practically solvable to optimality [Haas, 2018]
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MWT is practically solvable to optimality [Haas, 2018]
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4 Min-max triangulations
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Minimizing maximum angle [Edelsbrunner, Tan 1993]
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Minimizing maximum angle [Edelsbrunner, Tan 1993]

STAM Journal on Computing. 22 (3), 527-5351, (1993)
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Minimizing maximum angle [Edelsbrunner, Tan 1993]

STAM Journal on Computing, 22 (3), 527-551, (1993) ‘

A QUADRATIC TIME ALGORITHM FOR THE
MINMAX LENGTH TRIANGULATION

IIERBERT EDELSBRUNNER* AND TIOW SENG TANT

Abstract, We show that a triangulation of a set of n points in the plane that minimizes
the maximum edge length can be computed in time O(n?). The algorithm is reasonably casy to
implement and is based on the theorem that there is a triangulation with minmax edge length that
contains the relative neighborhood graph of the points as a subgraph. With minor modifications the
algorithm works for arbitrary normed metrics.

Key words. Computational gecometry, point sets, triangulations, two dimensions, minmax edge

length, normed metrics i

P ——— e —

MLy,

3% |a% Technische

Jan 26 2021 | Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

3%3:' % Universitit
L )

*.,,. & Braunschweig
O \)"
ic

21



5 Max-min triangulations
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A Long-Standing Open Problem
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A Long-Standing Open Problem

STAM Journal on Computing. 22 (3), 527-551, (1993)
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A Long-Standing Open Problem

STAM Journal on Computing, 22 (3), 527-5351, (1993)

A QUADRATIC TIME ALGORITHM FOR THE
MINMAX LENGTH TRIANGULATION

IERBERT EDELSBRUNNER* AND TIOW SENG TANT

Abstract, We show that a triangulation of a set of n points in the plane that minimizes

o . " R , . .
the maximum edge length can be computed in time O(n°). The algorithm is reasonably casy to
implement and is based on the theorem that there is a triangulation with minmax edge length that

contains the relative neighborhood graph of the points as a subgraph. With minor modifications the

algorithm works for arbitrary normed metrics.

Key words. Computational geometry, point sets, triangulations, two dimensions, minmax edge

length, normed metrics
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Abstract., We show that a triangulation of a set of n points in the plane that minimizes
the maximum edge length can be computed in time O(n?). The algorithm is reasonably casy to
implement and is based on the theorem that there is a triangulation with minmax edge length that
contains the relative neighborhood graph of the points as a subgraph. With minor modifications the
algorithm works for arbitrary normed metrics.

Key words. Computational geometry, point sets, triangulations, two dimensions, minmax edge
N |
length, normed metrics |
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The results of this paper are an out-growth of our general efforts to understand
triangulations that optimize length criteria. There are, however, still many related
problems whose complexities remain open. These include the problem of minimizing ¢

Lhe entire veclor of edge-lengths. the mimimum lenglh triangulation problem, and Lhe
maxmin length triangulation problem.
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contains the relative neighborhood graph of the points as a subgraph. With minor modifications the
algorithm works for arbitrary normed metrics.

Key words. Computational geometry, point sets, triangulations, two dimensions, minmax edge
length, normed metrics
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The results of this paper are an out-growth of our general efforts to understand
triangulations that optimize length criteria. There are, however, still many related
problems whose complexities remain open. These include the problem of minimizing |
Lhe entire veclor of edge-lengths. the mimimum lenglh triangulation problem, and Lhe
maxmin length triangulation problem.
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COMPUTING MAXMIN EDGE LENGTH TRIANGULATIONS®

Sdndor P. Fekete,! Winfried Hellmann,! Michael Hemmer,! Arne Schmidt,!
and Julian Troegel !

ABSTRACT. In 1991, Edelsbrunner and Tan gave an O(n?) algorithm for finding the MinMax
Edge Length Triangulation of a get of points in the plane, but stated the complexity of finding
a MaxMin Edge Length Triangulation (MELT) as a natural open problem. We resolve this
long-standing problem by showing that computing a MELT is NP-complete. Moreover, we
prove that (unless P=NP), there is no polynomial-time approximation algorithm that can
approximate MELT within any polynomial factor,

While this may be taken as conclusive evidence from a theoretical point of view that
the problem is hopelessly intractable, it still makes sense to consider powerful optimization
methods, such as integer programming (IP), in order to obtain provably optimal solutions
for intances of non-trivial size. A straightforward IP based on pairwise disjointness of the
O(n?) segments between the n points has ©(n') constraints, making this IP hopelessly
intractable from a practical point of view, even for relatively small n. The main algorithm
engineering twist of this paper is to demonstrate how the combination of geometric insights
with refined methods of combinatorial optimization can still help to put together an exact
method capable of computing optimal MELT solutions for planar point sets up to n = 200.
Our key idea is to exploit specific geometric properties in combination with more compact
IP formulations, such that we are able to drastically reduce the number of constraints, On
the practical side, we combine two of the most powerful software packages for the individual
components: CGAL for carrying out the geometric computations, and CPLEX for solving
the IPs. In addition, we discuss specific analytic aspects of the speedup for random point
sets,

1 Introduction

Triangulating a set of points is one of the basic problems of Computational Geometry: given
aset P of n points in the plane, connect them by a maximal set of non-crossing line segments.
This implies that all bounded faces of the resulting planar arrangement are triangles, while
the exterior face is the complement of the convex hull of P.

Triangulations are computed and used in a large variety of contexts, e.g., in mesh
generation, but also as a stepping stone for other tasks. While it is not hard to compute
some triangulation, most of these tasks require triangulations with special properties that

*A preliminary extended abstract appears in the Proccedings of ALENEX 2015 [16].
"Department of Computer Science, TU Braunschweig, 38106 Braunschweig, Germany. {s.fekete,
w.hellmann, m.hemmer, arne.schmidt, j.troegel }Gitu-bs.de.
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5.1: Complexity
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An Open Problem Resolved
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An Open Problem Resolved

THEOREM 3.1. It i:s NP-hard to decide whether a set P
of n points in the plane has a triangulation with smallest

edge of length at least L, for some positive number L.
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An Auxiliary Problem
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An Auxiliary Problem

COVERING BY DISJOINT SECMENTS
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An Auxiliary Problem

COVERING BY DISJOINT SECMENTS

Given: A specified set S of line segments ( “stab-

bers”) in the Euclidean plane, and a subset T of their
intersection points (“targets”).

Wanted: A non-intersecting subset of the stabbers

‘ that covers all targets.
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COVERING BY DISJOINT SEGMENTS

Given: A specified set S of line segments ( “stab-
bers”) in the Euclidean plane, and a subset T of their
intersection points (“targets”).

Wanted: A non-intersecting subset of the stabbers
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Proof of NP-Hardness
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Proof of NP-Hardness

Idea: Use reduction from Planar 3SAT
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Proof of NP-Hardness

Idea: Use reduction from Planar 3SAT

(1 Vo VT3) A (T2 Vo3 VTg) A (TT Vo V)
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Proof of NP-Hardness

Idea: Use reduction from Planar 3SAT
(1 Vo VT3) A (T2 Vo3 VTg) A (TT Vo V)
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Proof of NP-Hardness
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Proof of NP-Hardness

Component 1: Variables
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Proof of NP-Hardness

Component 1: Variables
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Proof of NP-Hardness
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Proof of NP-Hardness

Component 2: Clauses
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Proof of NP-Hardness

Component 2: Clauses
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Proof of NP-Hardness
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Proof of NP-Hardness

Overall:
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Proof of NP-Hardness

Overall:

MLy,

‘F%& "c"z Technische
% Jan 26 2021

| Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

£ Universitit
& Braunschweig

e

<

U
L)

(9%
75 7
¢ J )

Ohyens



Proof of NP-Hardness

Overall:
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NP-Hardness of MaxMin Triangulations
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NP-Hardness of MaxMin Triangulations

Idea: Replace points to be covered by point pairs to be separated.
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NP-Hardness of MaxMin Triangulations

Idea: Replace points to be covered by point pairs to be separated.
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NP-Hardness of MaxMin Triangulations

Idea: Replace points to be covered by point pairs to be separated.

\_
C3 L1
..\
\
- \
\.\ \\
. . __"r' X "\ ‘ .§_
\‘.\k )
. 1 p
C9 L3
N 7
A,
3% g i Jan 26 2021 Sandor P. Feket Point Tri lati C tational G try 2020/21
3 ’§§ Universitit an | Sandor P. Fekete | Point Triangulations | Computational Geometry
.

K3
Ty .

#&  Braunschweig
’K’gc\!

31



NP-Hardness of MaxMin Triangulations

Idea: Replace points to be covered by point pairs to be separated.
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NP-Hardness of MaxMin Triangulations
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NP-Hardness of MaxMin Triangulations
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NP-Hardness of MaxMin Triangulations
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NP-Hardness of MaxMin Triangulations
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LEMMA 3.3. Let P be a set of points in the plane, and
let p;, p; € P. A triangulation A contains the edge p;p;,
iff there is no edge in A that scparates pip;.
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NP-Hardness of MaxMin Triangulations
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NP-Hardness of MaxMin Triangulations
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COROLLARY 3.4. Let p(x) be some polynomial. Then
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5.2: IP Models
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Overall Goals
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Overall Goals

% Solve non-trivial instances to provable optimality!
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Overall Goals
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Overall Goals

% Solve non-trivial instances to provable optimality!

1. Model as Integer Linear Program (IP)
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Overall Goals

% Solve non-trivial instances to provable optimality!

1. Model as Integer Linear Program (IP)
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Overall Goals

% Solve non-trivial instances to provable optimality!

1. Model as Integer Linear Program (IP)

£

¢ . Turn geometry into IP-formulation
. . Solve IP
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Overall Goals

% Solve non-trivial instances to provable optimality!

1. Model as Integer Linear Program (IP)

£

¢ . Turn geometry into IP-formulation

. Solve IP
. 7. Consider solution, reformulate IP for better solution
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Overall Goals

% Solve non-trivial instances to provable optimality!

1. Model as Integer Linear Program (IP)
2. lterate:
2.1. Turn geometry into IP-formulation
2.2. Solve IP

2.3. Consider solution, reformulate IP for better solution
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Overall Goals

% Solve non-trivial instances to provable optimality!

A.lterate 1.+2. for better results!
1. Model as Integer Linear Program (IP)
2. lterate:
2.1. Turn geometry into IP-formulation

2.2. Solve IP
2.3. Consider solution, reformulate IP for better solution

1

\F

£ Universitit Jan 26 2021 | Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

hep,
%’z Technische
3 Braunschweig

Q
-~
.

K3

9,

N

’
%
v ! -
O

c

35



Overall Goals

% Solve non-trivial instances to provable optimality!

A.lterate 1.+2. for better results!
1. Model as Integer Linear Program (IP)
2. lterate:
2.1. Turn geometry into IP-formulation

2.2. Solve IP
2.3. Consider solution, reformulate IP for better solution
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Triangulation by Independent Set
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by Independent Set
ﬂNTECER ProcraM 4.1, ‘

(4.1)
max 0
(402)
s.b.  &e,t e, < 1 V{ei, €51 € Xop
—,
(43) Y @, = 3m—-3-n, Ve, € Fy
e ek
. (4.4) =z < {0,1} Ve € Exy l
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Triangulation by Independent Set
ﬂNTECER ProcraM 4.1, ‘

(4.1)
max 0
(4.2)
s.b.  &e,t e, < 1 V{ei, €51 € Xop
(43) Y @, = 3m—-3-n, Ve, € Bxy,
e EK

Mm

“4'4) Ze {0,1} Ve € F,_,bA

THEOREM 4.2. We can solve MELT by finding a mazx-
wnuwm wndex b for which IP 4.1 is feasible.
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Triangulation by Independent Set
nxmcm PROGRAM 4.1, ‘

(4.1)
max 0
(4.2)
$.b. o, e, < 1 V{ei, €51 € Xop
(43) Y @, = 3m—-3-n, Ve, € Bxy,
e EH

Mm

L(‘M) Ze {0,1} Ve € F,_,bJ

THEOREM 4.2. We can solve MELT by finding a maz-
ernwmn wndex b for which 1P 4.1 is feasible.

Laszld Lovasz, Katalin Vesztergombi, Uli Wagner, and
Emao Welzl, Conver quaedrilaterals and k-sets, Con-
temporary Mathematics Series, 312, AMS 2004, 2001,
pp. 139 148.
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Triangulation by Independent Set
ﬂNTECER ProcraM 4.1, ‘

(4.1)
max 0
(4.2)
s.b.  &e,t e, < 1 V{ei, €51 € Xop
(43) Y @, = 3m—-3-n, Ve, € Bxy,
e EK

. (4.4) =z, < {0,1} Ve € Exy l

THEOREM 4.2. We can solve MELT by finding a mazx-
wnuwm wndex b for which IP 4.1 is feasible.

Laszld Lovasz, Katalin Vesztergombi, Uli Wagner, and
Emao Welzl, Conver quaedrilaterals and k-sets, Con-
temporary Mathematics Series, 312, AMS 2004, 2001,
pp. 139 1418.
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Best-case IP size:
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Triangulation by Independent Set
ﬂmmm PROCRAM 4.1. ‘

(4.1)
max 0
(4.2)
s.b.  &e,t e, < 1 V{ei, €51 € Xop
(43) Y @, = 3m—-3-n, Ve, € Bxy,
e EK

. (4.4) Te = {01} V(‘:&E;_;b l

THEOREM 4.2. We can solve MELT by finding a mazx-
wnuwm wndex b for which IP 4.1 is feasible.

Laszld Lovasz, Katalin Vesztergombi, Uli Wagner, and
Emao Welzl, Conver quaedrilaterals and k-sets, Con-
temporary Mathematics Series, 312, AMS 2004, 2001,
pp. 139 1418.
e R —

Best-case IP size: () (n4)
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Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,
off there is no edge in A that separates pip;.
— R —————— —_—

&ﬁji'z?"l ’

59 % %‘E L:c't::::::;et Jan 26 2021 | Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

%R %4s  Braunschweig

"Ny

37



Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,
off there is no edge in A that separates pip;.
— R —————— —_—
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Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,
off there is no edge in A that separates pip;.

' INTEGER PROGRAM 4.3. |

(4.5)
max 0
(4.6)
st xe, + e, < 1 e e;} € X5y
(4.7) Yoo ome, 21 Ve; € Ep
e €E2  (e)
(4.8) 2, e {0,1} Ve; € B3,
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Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,
off there is no edge in A that separates pip;.

' INTEGER PROGRAM 4.3. |

(4.5)
max 0
(4.6)
8.l Ze, + T, < 1 Ve e} € X3,
(4'7) Z Teg, =2 1 V(!j e fep
e;&Eéb(eJ‘)
(4.8) =z, e {0,1} Ve; € E3,
\ THEOREM 4.4. We can solve MELT by finding a max-

denen vedue b for whach IP 4.3 s feasible.
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Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,

off there is no edge in A that separates pip;.

. INTEGER PROGRAM 4.3.

(4.5)
max 0O

\ THEOREM 4.4. We can solve MELT by finding a max-

denen vedue b for whach IP 4.3 s feasible.
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Triangulation by Hitting Set

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,

off there is no edge in A that separates p;p;.

— T ——— —

l INTEGER PROGRAM 4.5,
(4.9)

max ()

3 oz, > 1 Ve € Feq

l (4.12) =z, € {0,1} Ve; € I3, I

\ THEOREM 4.6. We can solve MELT by finding a max
imum index b for which IP J.5 is feasible.
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Finding the Critical Index

JEMMA 3.3. Let P be a set of points in the plane, and
‘et pi, p; € P. A triangulation A contains the edge p;p;,
off there is no edge in A that separates p;p;.
—E———— —
. INTEGER PROGRAM 4.7. '
(4.13)
max b
(4.14)
st. x,ci+(l—=z. ) c > b Yi € [a,q]
(4.15)
ke-zet Y ke, < ke Ve € B3,
e.gef?éa(e)
(4.16) .+ >z > 1 Ve € Eju |
f.,&F.’.::,'(d]
(’1..[.7) Z :Uc; Z ]. \f(' & E{a
e €L, (e)
P . (4.18) .. e {0,1} We; € B, l
\ THEOREM 4.8. If we know that the critical index b €
la, ¢/, we can solve MELT by solving IP 4.7.
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5.3: Experimental Results
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Looking at the Critical Index
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Looking at the Critical Index

s Saller edges
Edges of MELT
ws Sallest edge of MELT




Looking at the Critical Index
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Upper Bounds in Comparison
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Figure 12: Average values for hull bound, non-separated edge bound, and optimal index for random instances.
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Checking Intersections: AABB Trees
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Checking Intersections: AABB Trees

Axis-aligned bounding box tree:
Data structure for speeding up intersection queries
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Checking Intersections: AABB Trees

Axis-aligned bounding box tree:
Data structure for speeding up intersection queries
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Using AABB Trees
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Figure 11: Average time for finding intersections in random instances.
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Comparing IP 4.3 and IP 4.5 (1)
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Comparing IP 4.3 and IP 4.5 (1)
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Figure 6: Average solution time of instances: solving time of the IPs.
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Comparing IP 4.3 and IP 4.5 (2)
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Comparing IP 4.3 and IP 4.5 (2)
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Figure 7: Aborted instances of the IPs, out of 100 instances.

Jan 26 2021 | Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

46



MLy,

o "c"z Technische

%

- 9
(’h’;c\i

%
S‘E%i Universitat
WA %S Braunschweig

Putting it together

Jan 26 2021

Sandor P. Fekete | Point Triangulations | Computational Geometry 2020/21

47



Putting it together
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Figure 9: Average time (for random 100 random instances for each size) of the program components.
Left bars: Normal approach, based on IP 4.7
Right bars: Doubling approach, with AABB-Tree and IP 4.7
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TSPLIB Instances
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TSPLIB Instances
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TSPLIB Instances (2)
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TSPLIB Instances (2)
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Figure 14: Comparison of TSPLIB instances with average times for random instances, using the doubling
approach. (Error bars indicate percentiles 25, 50, 75.)
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An Open Problem
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An Open Problem

Conjecture: The length of the longest non-separated edge for n
random points in a unit square grows with O(1/n)
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An Open Problem

Conjecture: The length of the longest non-separated edge for n
random points in a unit square grows with O(1/n)
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IMizure 13: Average indices (for 10 random instances for each size) of the non-separared adge bonund b for randam
sets with up to 700 points, (Error bars indicate one standard deviation,)
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An Open Problem

Conjecture: The length of the longest non-separated edge for n
random points in a unit square grows with O(1/n)
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Mignre 13: Average indices (for 100 random instances for each size) of the non-separared adge bonnd b for random
sets with up to 700 points, (Error bars indicate one standard deviation,)

Consequence: Because the length of the shortest edge for
uniform randan? points in a unit square grows with , the same
@(1/w9)uld hold for the solution of MELT.
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Thank you!




Thank you for today!
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