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Refresh – Higher order Voronoi diagrams

𝟐𝒏𝒅 order 
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Refresh – Farthest Point Voronoi diagrams

𝒏 − 𝟏 𝒕𝒉 order 

Can you think of 
any relation to 
convex hulls?

Can be computed 
incrementally, or directly 

in 𝑂(𝑛 log 𝑛)
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Farthest point Voronoi diagrams – Properties

𝒏 − 𝟏 𝒕𝒉 order 

The 𝒏 − 𝟏 𝒕𝒉 order 
Voronoi region of a 
point is non-empty 
exactly if the point is 
part of the set’s 
convex hull.

All cells are 
unbounded, the 
planar graph is a 
tree.
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Farthest point Voronoi diagrams – Properties

𝒏 − 𝟏 𝒕𝒉 order 

What can we say 
about the edges 
and vertices?
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Farthest point Voronoi diagrams – Properties

Vertices are equidistant to 
at least three sites, closer 
to all others.

Edges are equidistant to 
two sites, closer to all 
others.



December 15th, 2022 | Computational Geometry – Exercise Meeting #4 | Slide 11

Smallest enclosing disk (1-center problem)

Provided a set of points 𝑷 in the plane, find a disk 𝒎𝒅(𝑫) with minimal radius 𝒓
that contains all members of 𝑃. Assume that no three points in 𝑃 are collinear.

What can we say 
about an optimal 
disk 𝐷?
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Smallest enclosing disk – Uniqueness
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Smallest enclosing disk – Relation to diameter
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Smallest enclosing disk – Relation to diameter

di
am

et
er

 
of

 𝑃
𝑚𝑑(

𝑃)



December 15th, 2022 | Computational Geometry – Exercise Meeting #4 | Slide 15

Finding the smallest enclosing disk

Provided a set of points 𝑷 in the plane, find a disk 𝒎𝒅(𝑫) with minimal radius 𝒓
that contains all members of 𝑃. Assume that no three points in 𝑃 are collinear.

How long would a 
naive approach 
take, at most?

Any ideas how we 
can find an 
approximate min 
disk?
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Smallest enclosing disk – 𝟐-Approximation

1. Pick any point 𝑝 ∈ 𝑃
2. Find the farthest point 𝑝′
3. Draw a circle.
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Smallest enclosing disk – 𝟐-Approximation by bounding box

1. Compute an axis-
aligned bounding box
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Smallest enclosing disk – 𝟐-Approximation by bounding box

1. Compute an axis-
aligned bounding box

2. Place a circle on the 
corners.
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Smallest enclosing disk – Optimal solution in 𝑶(𝒏 log 𝒏)
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Farthest point Voronoi diagrams – Properties

𝒎𝒅(𝑷) is defined by the farthest 
pair or by three sites, so:
1. Check if the smallest disk on 

the farthest pair fits.
2. Otherwise, check all circles 

induced by highest-order 
Voronoi vertices.

1. 2.
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𝒌-center problem (NP-hard)

Provided a set of points 𝑷 in the plane, find 𝒌 disks 𝑫𝒊 with minimal radii 𝒓𝒊 that, 
when combined, contain all members of 𝑷.

https://doi.org/10.1007/s10898-019-00834-6

https://doi.org/10.1007/s10898-019-00834-6
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Roundness
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Roundness – Metric: Smallest annulus

What can we say 
about the inner- and 
outer circles of a 
smallest-width 
annulus?
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Roundness – Three kinds of annuli
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Roundness – Three kinds of annuli

Outer circle via three points:
• Center lies on a vertex of the 

farthest point Voronoi diagram
• Inner circle is defined by 

closest point to this vertex
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Roundness – Three kinds of annuli

Inner circle via three points:
• Center lies on a vertex of 

the first-order Voronoi 
diagram

• Outer circle is defined by 
farthest point from this 
vertex
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Roundness – Three kinds of annuli

Each circle via two points:
• Center lies on the 

intersection of an edge of the 
first-order Voronoi diagram 
and the farthest point 
diagram
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What about outliers?

not round
at all...?
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What about outliers?

http://algo.postech.ac.kr/~heekap/Papers/annulus
_outlier.pdf

“[...] 𝑛 points in the plane and an 
integer 𝑘 with 1 ≤ 𝑘 ≤ 𝑛, the problem 
asks to find a minimum-width annulus 
that contains at least 𝑛 − 𝑘 input 
points.”

http://algo.postech.ac.kr/~heekap/Papers/annulus_outlier.pdf

