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Computational Geometry
Tutorial #2 — Convex Hulls



Theorem E2.1 

Let   be a simple polygon in the 
euclidean plane , in CCW order. The convex 
hull of  can be computed in .

P := p1, …, pn
ℝ2

P 𝒪(n)

Convex hull
Computing the hull of a simple polygon
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Polygons & Curves
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• Consider a finite point set . 

• A  simple polygon  is a permutation (i.e., an ordering) of  that 
induces a simple closed curve.

𝒫 := {p1, p2, …, pn} ⊂ ℝ2

P ∈ 𝒫n 𝒫

Point sets & Polygons
What’s the difference?
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Typically, we describe polygons in CCW order.
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Generalising Polygons
Curves in the plane
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• Two sets are homeomorphic if we can 
define a continuous, bijective mapping 

 between the two. 

• A simple path is a subset of the plane 
that is homeomorphic to the interval

,    i.e.,   . 

 
Geometrically, imagine any 

shape that can be continuously 
“morphed” from a straight line.

h : X → Y

[0,1] ⊂ ℝ h : [0,1] → L ⊂ ℝ2

Simple paths in the plane
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Supplementary Material

Simple paths in the plane
Example: Straight line segments

• The line segment between two points  is a simple curve 

. 

• We can define a homeomorphism between  and : 

p, q ∈ ℝ2

pq = { x ∈ ℝ2 | ∃ s ∈ [0,1] : x = p ⋅ s + q ⋅ (1 − s) }

[0,1] ⊂ ℝ pq
hpq : [0,1] → pq, s ↦ p ⋅ s + p ⋅ (1 − s)
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• Consider the (Euclidean) unit circle 
. 

• A simple closed curve is a point set in 
the plane that is homeomorphic to . 

• Then: . 

 
 

Geometrically, imagine any 
shape that can be continuously 

“morphed” from the circle.

S1 = {(x, y) ∈ ℝ2 | x2 + y2 = 1}

S1

h : S1 → C ⊂ ℝ2

Closed curves in the plane
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• Consider the (Euclidean) unit circle 
. 

• A simple closed curve is a point set in 
the plane that is homeomorphic to . 
 

• A  simple polygon  is a closed curve 
composed of a finite number of line 
segments. 

S1 = {(x, y) ∈ ℝ2 | x2 + y2 = 1}

S1

P

Closed curves in the plane
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Supplementary Material

Closed curves in the plane
Example: Simple polygons

• Recall that line segments are simple paths. 

• If two simple paths meet only in a common endpoint, we can join them into a 
longer path. 

• By induction, we c an join the line segments that define a simple polygon  
into a closed curve by joining them in CCW order.

P
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Jordan Curves
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Theorem E2.2 (Jordan Curves) 

Let  be a Jordan curve in the plane . 
Then its complement  consists of 
exactly two connected components: the 
bounded interior and the unbounded 
exterior.

C ℝ2

ℝ2∖C

Jordan Curve Theorem
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Theorem E2.3 (Jordan Polygons) 

Let  be a simple polygon in the plane . 
Then its complement  consists of exactly 
two connected components: the bounded 
interior and the unbounded exterior.

P ℝ2

ℝ2∖P

Jordan Curve Theorem
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Convex hulls of polygons
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Theorem E2.1 

Let   be a simple polygon in the 
euclidean plane , in CCW order. The convex 
hull of  can be computed in .
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Convex hull
Computing the hull of a simple polygon
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Theorem E2.1 

Let   be a simple polygon in the 
euclidean plane , in CCW order. The convex 
hull of  can be computed in .

P := p1, …, pn
ℝ2

P 𝒪(n)

Idea: 

Theorem E2.3 implies that vertices of  that are 
also on  appear in the exact same CCW 
order on both bounding polygons. 
We can perform Graham Scan without sorting.

P
conv(P)

Convex hull
Computing the hull of a simple polygon
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