Computational Geometry

Lecture #4 — Closest Pairs I
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Recap:

Master Theorem



Master Theorem

Analysis of recursive algorithms

e Runtime based on subproblem size
reduction before recursion, in sum:

e “less than original” = @(nk)

e “same as original” = O(nX log n)

e kdetermined by cost of “merge” step

e e.g., Mergesort has O(nlog n)
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Theorem 3.3 (Master Theorem) Let 7T :IN — R with

T(n) =Y T(a;-n)+O(n"),
1=1

where a; € R with 0 < o; <1, m €N and k € R. Then
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Recap:

“Median of Medians” Algorithm




“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).
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“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

» Group the numbers into sets of 5.
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“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

» Group the numbers into sets of 5.
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» Sort these quintuples individually.
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“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

» Group the numbersinto sets of 5. | » Compute the median of each group.
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“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

» Group the numbersinto sets of 5. | » Compute the median of each group.

116 |11]117] 3 1| 42|03
22| 18 16 9 : 10| 6 8 | 12] 7
w0l 21| 2 (1215 g 15 (18 [ 11 (14 9
131 4 120197 L 2221116 17| 15
21 25| 8 |14 | 23 2/ 25| 20| 19| 23

» Sort these quintuples individually.

T1 4121513
10l 68127
1311811114 9
22 21|16 17| 15
2/ 251 20| 19 23

O(n)
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» Use the median of medians as a pivot.

)



“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

n 3N m
T(n) =\T(3) +HT(~)+On) .z_jl af=24+3=2<1
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“Median of Medians” Algorithm

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4: A median of n numbers can be computed in O(n).

n 3N
T(n) =\T(3) +HT(~)+On) | 1a§:§+§:%<1.
| i 1=
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS

e Known: SORTING has a lower bound of Q(n log n).
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS

e Known: SORTING has a lower bound of Q(n log n).

e Related: ELEMENT UNIQUENESS asks whether all elements of an unsorted
list are unique, i.e., whether no element occurs twice.
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS

e Known: SORTING has a lower bound of Q(n log n).

e Related: ELEMENT UNIQUENESS asks whether all elements of an unsorted
list are unique, i.e., whether no element occurs twice.

e Both require at least C2(n10g n) comparisons to solve! = Decision trees
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS

e Known: SORTING has a lower bound of Q(n log n).

e Related: ELEMENT UNIQUENESS asks whether all elements of an unsorted
list are unique, i.e., whether no element occurs twice.

e Both require at least C2(n10g n) comparisons to solve! = Decision trees

e We showed: CLOSEST PAIR solves the ELEMENT UNIQUENESS PROBLEM:
If closest pair has distance zero, the are not unique.
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Lower bound for the Closest pair Problem

Via SORTING and ELEMENT UNIQUENESS

e Known: SORTING has a lower bound of Q(n log n).

e Related: ELEMENT UNIQUENESS asks whether all elements of an unsorted
list are unique, i.e., whether no element occurs twice.

e Both require at least C2(n10g n) comparisons to solve! = Decision trees

e We showed: CLOSEST PAIR solves the ELEMENT UNIQUENESS PROBLEM:
If closest pair has distance zero, the are not unique.

Relevant Paper: Ben-Or, “Lower Bounds For Algebraic Computation Trees”
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Upper bound for the Closest pair Problem
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Upper bound for the Closest pair Problem

e Theorem 3.7: A closest pair for n numbers in R can be found in O(nlog n).
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Upper bound for the Closest pair Problem

e Theorem 3.7: A closest pair for n numbers in R can be found in O(nlog n).
e Idea: Sort, then do a linear scan — closest pair consists of adjacent elements.
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Upper bound for the Closest pair Problem

e Theorem 3.7: A closest pair for n numbers in R can be found in O(nlog n).
e Idea: Sort, then do a linear scan — closest pair consists of adjacent elements.

e Apply this to two dimensions, sorting along one axis.
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Upper bound for the Closest pair Problem

e Theorem 3.7: A closest pair for n numbers in R can be found in O(nlog n).
e Idea: Sort, then do a linear scan — closest pair consists of adjacent elements.

e Apply this to two dimensions, sorting along one axis.
2

e Issue: This is not true of [R~, see counterexample.
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Recap:

Closest Pair — Divide and conquer




Closest Pair — Divide and conquer

Bentley & Shamos, 1976 D3
e Theorem 3.8: A closest pair forn ¢ P4
numbers in R? can be found in O(n log n). ® P2 °
|
P1 e o PS8
P10 ® Pr7
o |
Dg P11 o Dg
|
|
b5 P12
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Closest Pair — Divide and conquer

Bentley & Shamos, 1976 -
e Theorem 3.8: A closest pair forn ¢ P2
numbers in R? can be found in O(n log n). *p3 °
1. Sort & by y-coordinates, i.e., >, . D7 o p'4
Ds * Vo
o o
Ps P9 e P10
o
o
P11 Do
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

1. Sort & by y-coordinates, i.e., >,

2. Compute an x-median of X, pivot.
We get disjoint setsA U B = .
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

1. Sort & by y-coordinates, i.e., >,

2. Compute an x-median of X, pivot.
We get disjoint setsA U B = .

3. Compute 0, and o, recursively.

Institut fiir Betriebssysteme
und Rechnerverbund

Peter Kramer | November 12th 2024 11



Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

1. Sort & by y-coordinates, i.e., >,

2. Compute an x-median of X, pivot.
We get disjoint setsA U B = .

3. Compute 0, and o, recursively.
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Closest Pair — Divide and conquer

Bentley & Shamos, 1976 B
e Theorem 3.8: A closest pair forn P2

numbers in R? can be found in O(n log n). °
1. Sort & by y-coordinates, i.e., >, . D7 o ) Dy

. . ps e D6
2. Compute an x-median of X, pivot.
We get disjoint sets AU B = . o |y
DS ® P10
3. Compute 0, and 0, recursively. D11 o
P12

4. ... merge by checking pairsin A X B.
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsinA X B?

e Candidate pairsin A X B must have
distance at most o to the median line.

e Point pairsin A (B) have distance

5/2

» Therefore: For each pointinp, € A,
there can be only constantly many

points in B that are closer than 0!
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsin A X B:

e Filter based on distance to median line,
remove if farther than

e Linear scan along one side, y-maximal to
y-minimal coordinates.

e Keep track of candidates on the other side
of the median line.

e This idea generalizes to higher dimensions!
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsin A X B:

e Filter based on distance to median line,
remove if farther than

e Linear scan along one side, y-maximal to
y-minimal coordinates.

e Keep track of candidates on the other side
of the median line.

e This idea generalizes to higher dimensions!
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsin A X B:

e Filter based on distance to median line,
remove if farther than

e Linear scan along one side, y-maximal to
y-minimal coordinates.

e Keep track of candidates on the other side
of the median line.

e This idea generalizes to higher dimensions!
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsin A X B:

e Filter based on distance to median line,
remove if farther than

e Linear scan along one side, y-maximal to
y-minimal coordinates.

e Keep track of candidates on the other side
of the median line.

e This idea generalizes to higher dimensions!
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Closest Pair — Divide and conquer
Bentley & Shamos, 1976

e Theorem 3.8: A closest pair forn
numbers in R? can be found in O(n log n).

4. ... merge by checking pairsin A X B:

e Filter based on distance to median line,
remove if farther than

e Linear scan along one side, y-maximal to
y-minimal coordinates.
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Closest Pair — Divide and conquer

Bentley & Shamos, 1976 1
e Theorem 3.8: A closest pair forn P2
numbers in R? can be found in O(n log n). D3 ¢
1. Sort & by y-coordinates, i.e., >, O logn) o
P4
o
2. Compute an x-median of &, pivot. O(n) ps * Po
We get disjointsetsA U B = £ o
n ¢ p9 O plo
3. Compute 04 and oy recursively. 2 - T(E) ° Ps
D11 p}

4. Merge by checking pairsinA X B. ©®(n)
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Closest Pair — Divide and conquer

Bentley & Shamos, 1976 1
e Theorem 3.8: A closest pair forn P2
numbers in R? can be found in O(n log n). D3 ¢
1. Sort & by y-coordinates, i.e., >, O logn) o
P4
@
2. Compute an x-median of &, pivot. | O(n) ps * Po
We get disjointsetsA U B = £ o
" s | P9 1 e pio
3. Compute 04 and oy recursively. 2 - T(E) o be
D11 o
4. Merge by checking pairsinA X B. [ ®(n) P12
I(n)
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Closest Pair — Divide and conquer

Bentley & Shamos, 1976 1
e Theorem 3.8: A closest pair forn P2
numbers in R? can be found in O(n log n). D3 ¢
1. Sort & by y-coordinates, i.e., >, O logn) o
P4
@
2. Compute an x-median of &, pivot. | O(n) ps * Po
We get disjointsetsA U B = £ o
" s | P9 1 e pio
3. Compute 04 and oy recursively. 2 - T(E) o be
D11 o
4. Merge by checking pairsin A X B. [®(n) m k=1 Pz
k1og(n) SO 2i=1 %
O(n" 108 .
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Closest Pair— Randomised
Incremental Construction (RIC)



Randomised Incremental Construction MAX-PLANCK-INSTITUT

FUR

Golin, Raman, Schwarz, Smid 1992/1995 INFORMATIK

Simple Randomized Algorithms for

Closest Pair Problems

M. Golin R. Raman C. Schwarz M. Smid

MPI-I-92-155 December 1992

INFORMATIK

Im Stadtwald
W 6600 Saarbriicken
Germany
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Randomised Incremental Construction MAX-PLANCK-INSTITUT

FUR
Golin, Raman, Schwarz, Smid 1992/1995 INFORMATIK
e ldea: Incrementally build a solution f
from a partial solution by refining it:
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Randomised Incremental Construction MAX-PLANCK-INSTITUT

FUR
Golin, Raman, Schwarz, Smid 1992/1995 INFORMATIK
e ldea: Incrementally build a solution j
from a partial solution by refining it:
e Track current minimal o. I ST
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

e Idea: Incrementally build a solution
From a partial solution by refining it:

e Track current minimal o.

e Include next p € &, update 9, repeat.

Institut fiir Betriebssysteme
und Rechnerverbund

MAX-PLANCK-INSTITUT
FUR
INFORMATIK

Simple Randomized Algorithms for

Closest Pair Problems

M. Golin R. Raman C. Schwarz M. Smid

MPI-I-92-155 December 1992

Germany

Peter Kramer | November 12th 2024 16



Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

e Idea: Incrementally build a solution
From a partial solution by refining it:

e Track current minimal o.

e Include next p € &, update 9, repeat.

e Crucial: Maintain sparsity, meaning
just O(1) candidates to check!
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

e Idea: Incrementally build a solution
From a partial solution by refining it:

e Track current minimal o.

e Include next p € &, update 9, repeat.

e Crucial: Maintain sparsity, meaning
just O(1) candidates to check!

e Issue: How do we identify candidates
each step — efficiently!?
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

e Idea: Incrementally build a solution
From a partial solution by refining it:

e Track current minimal o.

e Include next p € &, update 9, repeat.

e Crucial: Maintain sparsity, meaning
just O(1) candidates to check!

e Issue: How do we identify candidates
each step — efficiently!?

e Unsorted sequences = No structure.
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995
» Cover R* with an infinite § X & grid G

o Cells are identified by column x, row y: G[x, y/|. (V
e W.lLo.g., the cell G4[0,0] is located at (0,0).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

» Cover R* with an infinite § X & grid G

o Cells are identified by column x, row y: G[x, y/|. (z/

e W.lLo.g., the cell G4[0,0] is located at (0,0).

« Each (half-open) grid cell Gg|x, y| stores all
previously considered points of < inside it. P
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

» Cover R* with an infinite § X & grid G

o Cells are identified by column x, row y: G[x, y/|.
e W.lLo.g., the cell G4[0,0] is located at (0,0).

« Each (half-open) grid cell Gg|x, y| stores all
previously considered points of < inside it.

e The neighbourhood of G| x, y| refers to:
Ns(x,y) = U Gslx —u,y —v].

uy el—1,1]
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

» Cover R* with an infinite § X & grid G

o Cells are identified by column x, row y: G[x, y/|.
e W.lLo.g., the cell G4[0,0] is located at (0,0).

« Each (half-open) grid cell Gg|x, y| stores all
previously considered points of < inside it.

e The neighbourhood of G| x, y| refers to:
Ns(x,y) = U Gslx —u,y —vl.
u,y €l—1,1]
Lemma. For p, g € & such that p € Gglx, y]:
d(p,qg) L6 = g € Ns(x,y)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

o Idea: Sparsity! Keep |Ns(x,y)| € O(1).

o Ifeach Ny(x,y) contains constantly many (V
points of pairwise distance at least o, ...

e ...then O(1) comparisons for nextp € £.
vl
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

o Idea: Sparsity! Keep |Ns(x,y)| € O(1).

o Ifeach Ny(x,y) contains constantly many (V
points of pairwise distance at least o, ...

e ...then O(1) comparisons for nextp € £.
vl

For each p € &:
Find X,y such that Gglx, y] contains p.

Insert p to Gglx,y].

If p is part of new closest pair {p,q}: 0
Update 0 = d(p, q).
Rebuild sparse grid, Gglx, y]. )
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

6 := d(p1, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};

(5) d := mingey d(PH-l» 9);

(6)  if d> bjthen Insert(Q,pizy).

(8) end;
(9) return(d).

M‘
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» G := Bwild(S,,46);

§(S;) = d(p, Pz)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

6 := d(p1, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};

(5) d := mingey d(pi4+1, 9);

(6)  if d> djthen Insert(C,pisy)]
(7)

(8) end;

(9) return(d).

M‘
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Algorithmik

» G := Bwild(S,,46);

§(S;) = d(p, Pz)

Peter Kramer | November 12th, 2024 19



Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

(3) begin
(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};

(5) d := min
(6) if d>6

€V d(Pi-&-l»Q);

(8) end;
(9) return(é).

B RS
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

(3) begin
(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};

(5) d := min
(6) if d>6

g€V d(pi+1 » q))

(8) end;
(9) return(d).

M‘
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5(54) - d(Ph Pl)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

: G := Build(S,,6);

6 := d(py, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;;, };
(5) d := mingey d(pi+1, 9);

(6) if d2>4jthen Insert(G,pis;))

1
( S

(8) end;
(9) return(d). |
m {

und Rechnerverbund
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(p,, p2y ..., Pn)

6 := d(p1, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};

(5) d := mingey d(pi4+1, 9);

(6)  if d> djthen Insert(C,pisy)]
(7)

(8) end;

(9) return(d).

M‘
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und Rechnerverbund
Algorithmik

» G := Bwild(S,,46);
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(py, p2, .-, Pn)

6 := d(pi, p2

(2) for::=2to n—1do

(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};
g€V d(pi-l'-l; q))

(5) d .= m,x
(6) if d>6
(7)

(8) end;

(9) return(d).

R RS

: G := Build(S,,6);

then Inserf(C,piz)
else § := d; G := Bwild(S;4,1,9);
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(py, p2, .-, Pn)

; G := Bwild(S,,96);

6 := d(pi, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};
(5) d := mingey d(pi41, 9);
(6) if d 2> éjthen Insert(U,p;s1))

(8) end;
(9) return(d). |
M
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(pla P2y -+, pn)

: G := Build(S,,6);

6 := d(py, p2
(2) for::=2to n—1do
(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,,};
(5) d := mingey d(pi+1,9);

(6)  if d> 6fthen Inserf(C,pisy)]

(8) end;
(9) return(d). |
m/

Institut flir Betriebssysteme
und Rechnerverbund
Algorithmik

Peter Kramer | November 12th, 2024 19



Randomised Incremental Construction

Golin, Raman, Schwarz, Smid 1992/1995 5(S10) = d(po, De)

Algorithm CP(p,, p2y ..., Pn) =Eii==
(1) 16 := d(py, p2); G := Bwild(S,, §); 3 BENE
(2) fori:=2to n—1do ._-E’“
(3) begm - &
(4) = {Report(g b) : bis a neighbor of the box containing p;;, }; -.m-.“..
(5) d = mir e d(pi+1, 9); O O O N
(®) i 4> dfthen TnseriT,p] EIEEEEEEEEE
® end T T

. W i
o r EEEEEEEEEEE
T )

Fairly straightforward algorithm :)
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Golin, Raman, Schwarz, Smid 1992/1995
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Randomised Incremental Construction E=
Golin, Raman, Schwarz, Smid 1992/1995
Representation
5/
|
P
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Randomised Incremental Construction E=
Golin, Raman, Schwarz, Smid 1992/1995
Representation
e Grid cell representation (X,y) (z/
»
P
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Randomised Incremental Construction E=
Golin, Raman, Schwarz, Smid 1992/1995
Representation
e Grid cell representation (X,y) (V
o Grid cell assignment Gy OrderedDictionary
O
P
5 |
0
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Representation

e Grid cell representation (x,y)
o Grid cell assignment Gy OrderedDictionary
o I|dentifier/key forp € & (p.X,p.Y)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Representation

e Grid cell representation (x,y)

o Grid cell assignment Gy OrderedDictionary

o I|dentifier/key forp € & (p.X,p.Y)
p-X p-y

e p € Gslx,y] < le S J,yzl r J
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Representation

e Grid cell representation (x,y)
o Grid cell assignment Gy OrderedDictionary
o I|dentifier/key forp € & (p.X,p.Y)

p-X p-Yy
e p € Gslx,y] < le J,yzl J
0 0

Implementation
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Golin, Raman, Schwarz, Smid 1992/1995

Representation

e Grid cell representation (x,y)
o Grid cell assignment Gy OrderedDictionary
o I|dentifier/key forp € & (p.X,p.Y)
p-X p-y
e p € Gslx,y] < le J,yzl J
0 0
Implementation

o T, ,.,/n) Construction cost
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Representation

e Grid cell representation (x,y)
o Grid cell assignment Gy OrderedDictionary
o I|dentifier/key forp € & (p.X,p.Y)
p-X p-y
e p € Gslx,y] < le J,yzl J
0 0
Implementation

o T, ,.,/n) Construction cost

o T. ..(1) Insertion cost
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Representation

e Grid cell representation (x,y)
o Grid cell assignment Gy OrderedDictionary
o I|dentifier/key forp € & (p.X,p.Y)
p-X p-y
e p € Gslx,y] < le J,yzl J
0 0
Implementation

o T, ,.,/n) Construction cost
e T. ...(1n) Insertion cost

e 1,r,(n) Query cost
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Algorithm CP(py, p2y ..., Pn)

(1) & :=d(p1,p2); G := Build(S,,);

(2) fori:=2to n—1do

(3) begin

(4) V := {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d := mingey d(pi41,9);

(6) if d > § then Insert(G,p;i1)

(7) else § := d; G := Bwild(S;;,,9);

(8) end;

(9) return($).

und Rechnerverbund
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology

Algorithm CP(py, p2y ..., Pn)

end;
return(é).

(1) é:=d(p1,p2); G := Build(S,,$6);
(2) fori:=2to n—1do
(3) begin
(4) V := {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d := mingey d(pi41,9);
(6) if d > § then Insert(G,p;i1)
(7) else § := d; G := Bwild(S;;,,9);
)
)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology

o (P1sPrs--sPy) Permuted sequence Algorithm CP(py, ps, ..., pn)

) & :=d(p1,p2); G := Build(S,,$);

) fori:=2to n—1do

) begin

) V := {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d := mingey d(pit1, 9);

) if d > § then Insert(G,p;i;)

) else § := d; G := Build(S;;,1,9);

) end;

) return(d).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology

o (P1>sPrs -5 D) Permuted sequence Algorithm CP(py, ps, ..., pn)

o N = ooy D; First ;i points added (1) &:=d(p,p2); G := Build(5,8);

gjl {p19p29 ,pl} P (2) fori:=2to n—1do
(3) begm
(4) = {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d = mingey d(pit+1, 9);
(6) if d > § then Insert(G,p;s1)
(7) else § := d; G := Build(S;;,1,9);
(8) end;
(9) return($).
L
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology

° (]?1, Pos eees pn) Permuted sequence Algorithm CP(p, ps, ..., pn)

o L. = {P1sPrs--->D;} First ; points added 8 go=r=i<f(=1>1£1:2); g=_=llf;;ild(52,6);

o — ‘ . - - (3) begin

5i - mln{ d(p’ q) ‘ p-q < @l } Min. distance (4) V i {Report(G,b) : bis a neighbor of the box containing p;,, };

(5)  d:=mingy d(pis1,9);
(6) if d> 6 then Insert(G,p;i1)
(7) else § := d; G := Build(S;41,6);
(8) end;
(9) return($).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology

° (]?1,]?2, --.,pn) Permuted sequence Algorithm CP(py, ps, ..., Pa)

o L. = {P1sPrs--->D;} First ; points added 8 §O=r=i{(=zoxéz;2); g=_=1f(?;;ild(52,6);

o — ‘ . - - (3) begin

5i o mln{ d(p’ q) ‘ P-4 < @l } Min. distance (4) |4 g= {Report(G,b) : bis a neighbor of the box containing p;,, };

(5) d := mingey d(pi41, 9);

Randomisation — Expected runtime. (6)  if d> 6 then Insert(G,pis1)
(7) else § := d; G := Build(S;41,6);
(8) end;
(9) return($).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology
o (P1sPrs--sPy) Permuted sequence Algorithm CP(py, ps, ..., Pn)
o L. = {P1sPrs--->D;} First { points added 8; §O=r=i¢f(=z>12,z;zo): gr_=1fz;;ild(52,6);
o — ‘ . - - (3) begin
5i o mln{ d(p’ q) ‘ P-4 < @l } Min. distance (4) %4 g= {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d := mingey d(pi41, 9);
Randomisation — Expected runtime. (6)  if d> 6 then Insert(G,pis1)
5 (7) else § := d; G := Build(S;41,6);
e Construction costin £2(n), but also O(n~°)...? E8§ end(;é)
9) return(o).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology
o (P1>sPrs -5 D) Permuted sequence Algorithm CP(py, ps, ..., Pa)
o gJ p— L : First l oints added (1) § := d(plapl’); G := BUild(52,5)§
! {pl’pz’ ’pl} P (2) fori:=2to n—1do

= : . - - (3) begin

* 51 mln{ d(p’ q) ‘ P9 = @l } Min. distance (4) V := {Report(G,b) : bis a neighbor of the box containing p;,, };
o o . (5) d:= mianV d(PH-h Q);
Randomisation — Expected runtime. (6)  if d>§then Insert(G,pis:)
. . ) (7) else § := d; G := Build(S;41,6);
e Construction costin £2(n), but also O(n~°)...? (8)  end;
. (9) return(é).

e Depends on the order of points. S —
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Terminology
o (P1sPrs--sPy) Permuted sequence Algorithm CP(py, ps, - .., pn)
o L. = {P1sPrs--->D;} First ; points added gg go;-"-i{(:mzaz;zo); 5:1?;:101(52,5);
o ). — 1 . : - (3) begin
51 o mln{ d(p’ q) ‘ P-4 < @l } Min. distance (4) |74 g= {Report(G,b) : bis a neighbor of the box containing p;,, };
(5) d := mingey d(pis1,9);
Randomisation — Expected runtime. (6)  if d>§then Insert(G,pis:)
. . 5 (7) else § := d; G := Build(S;;,1,9);
e Construction costin £2(n), but also O(n~°)...? 583 end(;é)
9) return(o).
e Depends on the order of points. —— e
, 1,ifo, < 0,_
e Randomised: X(p,, L, ;) = |
0, otherwise.
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Runtime
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Runtime
e Costof P, —> L. .:
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Runtime
e Costof P, —> L. .:

1) € @<Tinsert(i) T Tquery(i) T X(pi+1’ @l) ' Tbuild(i))
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Runtime
e Costof P, —> L. .:

1) € @<Tinsert(i) T Tquery(i) T X(pi+1’ @l) ' Tbuild(i))

e This is non-deterministic — we get a random permutation!
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995
Runtime
e Costof P, —> L. .:
1@ e O (Tinsert(i) + T yer(D) + X(Piy1, &) Tbuild(i))

e This is non-deterministic — we get a random permutation!

e Expected cost of &, - &£,
E|T()| € @(E[Tmsm(i)] + E|T,0nD| + Prl{641 <8} - E|Thuali + 1)])
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995
Runtime
e Costof P, —> L. .:
1@ e O (Tinsert(i) + T yer(D) + X(Piy1, &) Tbuild(i))

e This is non-deterministic — we get a random permutation!

e Expected cost of &, - &£,
E|T()| € @(E[Tmsm(i)] + E|T,0n(D| + Prl{641 <8} - E|Tyuali + 1)])
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Runtime
e Costof P, —> L. .:

1(i) € @<Tinsert(i) T Tquery(i) T X(pi+1’ ‘@l) ' Tbuild(i))
e This is non-deterministic — we get a random permutation!

e Expected cost of &, - &£,
E|T()| € @(E[Tmsm(i)] + E|T,0rD| + Prl{641 <8} - E|Thuali + 1)])

Lemma 1 Let pq, p2, ..., pn be a random permutation of the points of S. Let S; :=
{P1, P2, ..., pi}. Then Pr[§(S;41) < 8(S:)] <2/(2+1).

——

Institut fiir Betriebssysteme Peter Kramer | November 12th, 2024 22
und Rechnerverbund



Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Institut fiir Betriebssysteme Peter Kramer | November 12th, 2024 23
und Rechnerverbund
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Lemma. Pr|{o.., < o:}| <
[{ i+1 l}] i+ 1
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr|{o.., < o:}| <
[{ i+1 l}] i+ 1

Proof (Backwards analysis).
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr|{o.., < o:}| <
[{ i+1 l}] i+ 1

Proof (Backwards analysis).
o Let {p} =P, \P. Last point added.
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr[{5i+1 < 51'}] < -

1+ 1
Proof (Backwards analysis).
o Let {p} =P, \P. Last point added.
e Sy ={tue PP |Ive P : du,v) =0} All points in closest pairs at step i + 1.
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr[{5i+1 < 51'}] < -

1+ 1
Proof (Backwards analysis).
o Let {p} =P, \P. Last point added.
e Sy ={tue PP |Ive P : du,v) =0} All points in closest pairs at step i + 1.

e Grid rebuilt <9, < 0.
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr|{o.., < o:}| <
[{ i+1 l}] i+ 1

Proof (Backwards analysis).

o Let {p} =P, \P. Last point added.
e Sy ={tue PP |Ive P : du,v) =0} All points in closest pairs at step i + 1.
e Grid rebuilt <9, < 0.
2
* IF ]S | =2 Pr[{éiH < 5i}] = Pr[{p S Sl-+1}] == Unique closest pair! What are the odds?
I+
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr[{5i+1 < 51'}] < -

I+ 1

Proof (Backwards analysis).

Grid rebuilt & 0, ; < 0;.

2
IF 1S ] =2: Pr{{6,1 < 5} = Prl{p € Si1}| = i +

Otherwise (|S;, ;| > 2):

Institut fiir Betriebssysteme
und Rechnerverbund

1

Last point added.

All points in closest pairs at step i + 1.

Unique closest pair! What are the odds?
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr[{5i+1 < 51'}] < -

I+ 1

Proof (Backwards analysis).

Grid rebuilt & 0, ; < 0;.

2
IF 1S ] =2: Pr{{6,1 < 5} = Prl{p € Si1}| = i +

Otherwise (|S;, ;| > 2):

e Case 1: All closest pairsin §; share a unique point.

1
Pr({8,, < 8}| = Pr{p = s}| =-

Institut fiir Betriebssysteme
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1 +

1

1

Last point added.

All points in closest pairs at step i + 1.

Unique closest pair! What are the odds?

We just Found the unique “centre” of these pairs!
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

Lemma. Pr[{5i+1 < 51'}] < -

1+ 1
Proof (Backwards analysis).
o Let {p} =P, \P. Last point added.
e Sy ={tue PP |Ive P : du,v) =0} All points in closest pairs at step i + 1.
e Grid rebuilt <9, < 0.
2
* IF ]S | =2 Pr[{éiH < 5i}] = Pr[{p S Sl-+1}] == Unique closest pair! What are the odds?
[ +
e Otherwise (|S,.{| > 2):
e Case 1: All closest pairsin §; share a unique point. We just found the unique “centre"” of these pairs!
e Case 2: No pointis shared among the all pairs. Impossible — one such pair must have been known.
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o Expected cost of P, - £,
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o Expected cost of P, - £,

— E[T, i + D] )
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

o Expected cost of P, - £,

)
E[T0)| e @(E[Tinsm(i)] + [T @] + - -E[Tbuﬂd(i+1)]>

+ 1
Choice of data structure Ty, (1) T (1) L yery (1)
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Randomised Incremental Construction
Golin, Raman, Schwarz, Smid 1992/1995

o Expected cost of P, - £,

)
E[T0)| e @(E[Tinsm(i)] + [T @] + - -E[Tbuﬂd(i+1)]>

+ 1
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o Expected cost of P, - £,

E[T0)] € O(E[Ter®] + E[T,0r, 0] A

1+ 1 |
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Dynamic perfect hashing O(1)(exp.) O(1)(exp.) O(n)(exp.)
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