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DRAWING PLANAR GRAPHS WITH PRESCRIBED FACE AREAS*

Linda Kleist **

ABSTRACT. We study straight-line drawings of planar graphs where every inner face has
a prescribed area. A plane graph is area-universal if for every assignment of positive real
numbers to the inner faces, there exists a straight-line drawing in which the area of each
inner face equals to the assigned number. The only non-area-universal graphs known so far
are those containing the octahedron graph as a subgraph.

We give a simple counting argument that allows us to prove non-area-universality
for a large class of triangulations, namely Eulerian triangulations. Adding some geometric
arguments, the concept can be used to show non-area-universality for other graphs such as
the icosahedron graph.

Relaxing the straight-line property by allowing the edges to bend, we show that one
bend per edge is sufficient to realize any face area assignment of every plane graph, i.e.,
the 1-subdivision of every plane graph is area-universal. For the subclass of plane bipartite
graphs, it even suffices that half of the edges have a bend.

A

not area-universal area-universal

1 Introduction

Various real-life problems are connected to embedded graphs on the surface of our planet.
Therefore, planar graphs and their representations have many practical applications, e.g.,
in the manufacture of chips and electrical circuits, as well as in the design of network infra-
structure such as roads, subways, and utility lines. Other applications are in cartography,
geography, and visualization. Consequently, there is a large body of theoretical and applied
work on representations of planar graphs with special features |1, 6, 17, 21, 25].

*A preliminary version appeared in the proceedings of WG 2016 [18].
** Technische Universitdit Berlin, kleist@math.tu-berlin.de
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One line of research deals with the representation of planar graphs with prescribed
face areas and is inspired by cartograms. A cartogram is a map in which regions (countries,
districts, . .. ) are scaled according to some statistical parameter such as the population or the
gross national product. As a mathematical abstraction, proportional contact representations
of planar graphs have been studied. In this context, vertices are represented by interiorly
disjoint simple polygons with prescribed areas and adjacencies are represented by contacts
between the corresponding polygons [3, 12, 13].

As an alternative abstraction, we are interested in drawings of plane graphs such that
the inner faces have prescribed areas. To describe our concepts, we introduce some notation.
Let G = (V, E) be a plane graph, i.e, a graph with a fixed planar drawing. We consider
two planar drawings of G as equivalent if the outer face and the rotation systems coincide
in both drawings, i.e., for every vertex the cyclic ordering of its incident edges coincides in
both drawings. We denote the set of all straight-line drawings equivalent to G by D and
the set of the inner faces of G by F’. An area assignment is a function A: F’ — R~o. Let
atea: F/ x D — R be the function measuring the area of an inner face f € F’ in a specific
drawing D of G. A drawing D in D is A-realizing if avea(f, D) = A(f) for each face f € F;
an area assignment A is realizable if there exists an A-realizing drawing. A plane graph G
is area-universal if every area assignment of G is realizable. We say that G is equiareal if
there exists a drawing D in D such that avea(f, D) = 1 for each face f € F'.

1.1 Previous Work & Our Contribution

Ringel [23] can be seen as the initiator of the study of drawings of planar graphs with
prescribed face areas. He gave examples of equiareal graphs and proved that not every
plane graph is equiareal. Moreover, Ringel conjectured that every plane 3-regular graph
is equiareal. This turned out to be true when Thomassen [26] proved something stronger:
Every plane graph with maximum degree 3 is area-universal. There are further area-universal
graph classes. Biedl & Ruiz Velazquez [8] showed that planar partial 3-trees are area-univer-
sal and have realizing drawings with rational coordinates if the area assignment is rational.
Moreover, it is straight-forward to observe that the subgraphs of an area-universal graph
are also area-universal. Dobbins et al. [11, 20| study the computational complexity of area-
universality. They conjecture that deciding area-universality is complete for the complexity
class VIR, a natural generalization of dJR. They support the conjecture by showing VIR-
completeness for several variants of area-universality. For triangulations with a certain
vertex order, Kleist [19] presents a sufficient criterion for area-universality that only requires
the investigation of one area assignment. In fact, if the sufficient criterion applies to one
plane triangulation, then all embeddings of the corresponding planar graph are also area-
universal. It is open whether area-universality is a property of plane or planar graphs.

In this paper, we give negative and positive results. Surprisingly, the octahedron and
its supergraphs were the only graphs in literature which are proved to be not area-universal.'
In terms of negative results, we were wondering whether a graph is area-universal if and only

!By now, our attention has been drawn to the bachelor thesis of Bernathova [7] which indicates that
some other small triangulations are also not area-universal. Based on the methods developed in this paper,
non-area-univerality of small triangulations with up to ten vertices has been proved in [16, 19].
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if it does not contain the octahedron graph as a subgraph. Since a random triangulation
includes with high probability any fixed planar subgraph [22], in particular the non-area-
universal octahedron, it follows that almost no triangulation is area-universal. However,
a 4-connected graph does not contain any (other) triangulation except for K3 as a sub-
graph. Therefore, we investigate the relationship of high connectivity and area-universality,
specifically whether highly connected graphs are area-universal. The answers to these ques-
tions are negative. In Section 2, we give a broad class of non-area-universal triangulations,
namely Eulerian triangulations. This class contains many 4-connected graphs. Additionally,
we prove that the 5-connected icosahedron graph is not area-universal. Consequently, high
connectivity does not imply area-universality.

In Section 3, we investigate polyline drawings as natural relaxations of straight-line
drawings. We show that every plane graph has a drawing realizing any area assignment, such
that each edge has at most one bend. In other words, the 1-subdivision of every plane graph
is area-universal. For plane bipartite graphs we improve this by showing the existence of an
area-universal subdivision where at most half of the edges are subdivided exactly once.

2 Non-Area-Universal Graphs

In this section, we discuss non-area-universality. We mentioned before that the octahedron
graph, which is an Eulerian triangulation, is not area-universal. Two proofs of this fact
are known already; both of which use a similar non-realizable area assignment. Ringel [23]
shows that a system of polynomial equations, expressing the prescribed areas of each face,
has no real solution. Since this is a necessary condition for each realizing drawing, the non-
existence of a real solution proves the non-realizability of the specific area assignment. A
different proof relies on a classical geometric result on the area of a triangle inscribed into
a triangle: Choosing one point on each side of a triangle and connecting all pairs of these
three points by segments, one obtains a triangle partitioned into four triangles. Then the
central triangle does not have the strictly smallest area among the four triangles [4, 24].
Note that the inner vertices of the octahedron are forced to lie on the outer edges when the
area of the three triangles incident to the outer edges is supposed to vanish. In this way,
we obtain a triangle inscribed into a triangle. The idea of this argument has been used by
Alam et al. |2].

In contrast, we present a simple counting argument in order to show that the octahe-
dron graph is not area-universal. Interestingly, this argument can be extended to prove that
no plane Eulerian triangulation is area-universal. Recall that a triangulation is Eulerian if
and only if all vertex degrees are even. We will use the fact that the dual graph of a plane
Eulerian triangulation is bipartite, and hence has an inner face 2-coloring, i.e., a coloring of
the inner faces with white and black such that every inner edge is incident to a white and
black face. Figure 1 (a) depicts an inner face 2-coloring for the octahedron graph. Indeed,
Eulerian triangulations are characterized by the existence of an inner face 2-coloring.

» Proposition 1. A triangulation has an inner face 2-coloring if and only if it is Eulerian.

Proof. It remains to show that every triangulation with an inner face 2-coloring is Eulerian.
Suppose there is a plane triangulation 7" with an inner face 2-coloring that is not Eulerian.
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Clearly, any inner vertex of T' has even degree and the number of vertices with odd degree
is even. Hence, T" has exactly two outer vertices u and v of odd degree. Deleting the edge
(u,v) results in an Eulerian near-triangulation with 3n — 7 edges. However, by Tsai and
West [27], the number of edges of an Eulerian near-triangulation is divisible by three. <

In order to prove Theorem 1, we make use of several observations. The first observa-
tion follows directly from the fact that triangles are affine equivalent. Hence, any realizing
drawing of a triangulation can be transformed by an affine linear transformation. If the de-
terminant of the associated matrix is 1, the areas are maintained. For an area assignment A,
let the total area £.A of A be the sum of all assigned areas, i.e., A 1=}, p A(f).

» Observation 2. LetT be a plane triangulation with a realizable area assignment A. Then
there exists an A-realizing drawing within every given outer face of area Y. A.

In a planar drawing, no two edges intersect except in common vertices. Here, we are
slightly more general and allow all drawings that can be obtained as the limit of a sequence of
planar drawings. If a vertex lies on a non-incident edge or even on another vertex, we speak
of a degenerate drawing. In particular, face areas of 0 can only be realized in degenerate
drawings. Indeed, a straight-line drawing of a plane triangulation is degenerate if and only if
the area of some triangle vanishes. A straight-line drawing of a graph with n vertices can be
encoded by the 2n coordinates of the vertices, and hence, by a point in the Euclidean space
R?". Consequently, we may think of a straight-line drawing as a vector in R?”. For a plane
graph G, DT(G) C R?" denotes the set of vectors representing equivalent and possibly
degenerate straight-line drawings of G. By DX(G), we denote the subset of drawings of
DT (G) in which the outer face is restricted to a fixed triangle A.

» Observation 3. For a plane triangulation T, D*(T) is closed and DX (T) is compact.

With the help of this observation, we obtain a very handy lemma. Recall that an area
assignment assigns positive real numbers to the inner faces. A non-negative area assignment
is a function A: F' — R>g, i.e., every inner face is assigned to a non-negative real number.

» Lemma 4. Let T be a plane triangulation, and A the set of non-negative area assignments
with total area 1. Then A € A is realizable if and only if in every open neighborhood of A
in A there exists a realizable area assignment.

Proof. Suppose A € A is realizable, then clearly A itself is in every of its open neighborhoods
and serves as a certificate of a realizable area assignment.

Suppose in every open neighborhood of A, there exists a realizing drawing. Hence,
we may construct a sequence of realizable assignments (A;);cn converging to A. For each A;,
we pick a realizing drawing D;. By Observation 2, we may assume that the outer face of each
drawing D; is a fixed triangle A. Consequently, the sequence (D;);en is contained in D (T)
and, thus, bounded by Observation 3. Therefore, by the Bolzano-Weierstrass theorem, the
sequence (D;);en contains a converging subsequence with limit D. By the closedness, D is
contained in DZ (T'). By construction of D and the continuity of avea, for every inner face f
it holds that:

avea(f, D) = lim avea(f, D;) = lim A;(f) = A(f).
1— 00 1—00

Consequently, the drawing D is A-realizing and A is realizable. <
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Lemma 4 implies immediately that every non-realizable area assignment has an open
neighborhood of non-realizable area assignments. This gives the following property.

B Corollary 5. If a triangulation has a non-negative area assignment that is not realizable,
then it also has a (positive) non-realizable area assignment.

Now we are ready to prove the theorem.

B Theorem 1. No plane Eulerian triangulation on n > 4 vertices is area-universal.

Proof. Let T be a plane Eulerian triangulation on at least 4 vertices with an inner face
2-coloring. For an example consider Figure 1 (a). We denote the set of white faces by W
and the set of black faces by B. Recall that a triangulation with n vertices has 2n — 5 inner
faces. Without loss of generality we assume that || > |B| and therefore |W| > n — 2. We
show that the following non-negative area assignment A of T is not realizable.

_Jo it few,
A(f)'_{1 if f e B.

For the purpose of contradiction, suppose that there exists an A-realizing drawing D
of T. We show that D has two contradicting properties.

Firstly, every white face has an angle of size w; we call such an angle a flat angle:
Note that every inner edge is incident to a black face and thus has positive length in D;
otherwise, the area of the black face is not realized. Moreover, the area of a white face
vanishes only if one of its vertices lie on the opposite, non-incident edge. Due to the positive
edge lengths, the vertex lies in the interior of the non-incident edge. Consequently, one angle
of every white face in D is flat.

Secondly, the number of white flat angles is bounded by the number of inner vertices:
In D, we assign (the flat angle of) every white face to the vertex with the flat angle and

\/
i B\

(a) In every flat angle assignment of A, two (b) A non-realizable area assignment based
white faces are assigned to the same inner on Lemma 7. Every flat angle assignment
vertex. This fact is used to prove Theorem 1.  yields a base-bounded seesaw.

Figure 1: Inner face colorings of the octahedron graph depicting non-realizable area assign-
ments; white faces are assigned to 0 and black faces to 1.
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obtain a flat angle assignment. Since the boundary of the outer face is a triangle with
positive area, only inner vertices may have flat angles. Here we use the fact that n > 3.
Moreover, every inner vertex has degree at least 4 and is incident to a black face. Suppose
there exists an inner vertex v in D which has two flat angles. Then, no space remains to
realize the area of any black face incident to v. Therefore, in D every inner vertex has at
most one flat angle and the number of white flat angles is bounded by the number of inner
vertices.

Recall that T has at least n — 2 white faces and n — 3 inner vertices. Thus, the
number of white faces exceeds the number of inner vertices and we obtain a contradiction.
Therefore, A is not realizable and Corollary 5 guarantees the existence of a non-realizable
(positive) area assignment. [ ]

Remark 1. Note that in the proof of Theorem 1, we only used the fact that the black faces
are assigned to positive real numbers. Consequently, any non-negative area assignment of an
Eulerian triangulation with an inner face 2-coloring where each white face is assigned to 0
and each black face to some positive real number is not realizable.

The proof of Theorem 1 implies that one cannot hope for drawings realizing the areas
up to a constant factor. For a real number ¢ > 1, we say a straight-line drawing D of G is
c-approximating an area assignment A if for each inner face f it holds that

Ye- A(f) < avea(f, D) < c- A(f).

» Proposition 6. For any ¢ > 1, every Eulerian triangulation T on n > 4 vertices admits
an area assignment A such that no drawing of T is c-approximating A.

Proof. We consider an inner face 2-coloring of T'. For every k € N, let Ay denote the area
assignment of T' where each white face is assigned to 1/k and each black face to 1. Suppose
every A, has a drawing Dy which is c-approximating Ag. We may assume that the outer
face of T in Dy, is a right triangle where two outer vertices coincide for all Dy. Then the
sequence (Dg)ren is bounded and by the Bolzano—Weierstrass theorem, it has a converging
subsequence with limit D. In Dy, the area of a white face is at most ¢/k and the area of a
black face is at least 1/c. Consequently, in D, the area of each white face is 0 and the area
of each black face is positive. However, by Remark 1, such a drawing of T" does not exist. <

Since every Eulerian triangulation (with at least four vertices) has a vertex of degree
four, the graphs of Theorem 1 are at most 4-connected. Adding some geometric arguments,
we can use similar ideas to show that the 5-connected icosahedron graph is not area-universal.
We start with the geometric argument.

Let ABCD be a quadrangle, and let E be a point on the segment C'D. Together with
the segments AF and BE we call this configuration a seesaw with base AB. A seesaw is base-
bounded if there exists a pair of parallel lines £4 and £p through A and B, respectively, such
that the seesaw lies (not necessarily strictly) between the lines £4 and ¢p. For example, if the
two lines are vertical then in a base-bounded seesaw with horizontal base, the x-coordinates
of C and D are bounded by the x-coordinates of A and B. Figure 2 (a) depicts a base
bounded seesaw. We call a seesaw equiareal if the three triangles AED, ABE, and BCFE
have the same positive area.
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(a) A base-bounded seesaw. (b) AED is smaller than ABE.

Figure 2: Illustration of Lemma 7 and its proof.

» Lemma 7. No base-bounded seesaw is equiareal.

Proof. For a contradiction, suppose that there exists a base-bounded equiareal seesaw.
Without loss of generality, we assume that AB is horizontal and that E lies above AB. Note
that E lies strictly between ¢4 and ¢p; otherwise the triangle AED or BC'E has area 0. By
symmetry, we may assume that D does not lie above C' as depicted in Figure 2 (b). Let =
denote the intersection point of the segment AB and the line parallel to £4 through F;
let y be the intersection point of 4 and the horizontal line through F. Since E lies strictly
between £4 and £p, x lies strictly between A and B. Therefore, the triangle T := AxFE is
strictly contained in ABE and has the same area as 17" := AFEy. By assumption D is not
to the left of £4 and not above E and therefore D is contained in T”. Thus, it holds that

avea(ABE) > avea(T) = avea(T") > avea(AED).
This is a contradiction to the equiareality of the seesaw and therefore proves the claim. <«

Remark 2. Lemma 7 gives an alternative proof that the octahedron is not area-universal:
Consider the area assignment where all inner faces have area 1 but the central triangle has
area 0, as depicted in Figure 1(b). Then the flat angle of the central face must be assigned
to an inner vertex. This yields a base-bounded seesaw which is not equiareal by Lemma 7.
In fact, this even tmplies that no area assignment of the octahedron is realizable when each
black face is assigned to 1, the central white face to 0, and every other white face to 0 or 1.

Moreover, Lemma 7 enables us to show the following fact.

B Theorem 2. The icosahedron graph is not area-universal.

Proof. We show that there exists no straight-line drawing of the icosahedron in which the
white faces in Figure 3 vanish and the total area is distributed evenly among all black faces.
Then Corollary 5 guarantees the existence of a non-realizable (positive) area assignment.

By contradiction, we suppose that there exists a realizing drawing D. Note that in
the face colored icosahedron there exist three edges which are adjacent to two white faces;
namely the red edges in Figure 3. For a white face incident to a red edge, there exists two
possibilities in D: either the red edge is contracted or one of its angles is flat. Thus, we
distinguish four cases according to how many of the red edges are contracted. Specifically,
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Figure 3: The icosahedron with a face coloring depicting a non-realizable area assignment;
from left to right, no, one, two and three edges are contracted.

in case i, we contract exactly i edges with ¢ € {0,1,2,3}. Then, the remaining white faces
must have a flat angle. Moreover, every inner vertex is incident to a black face and thus may
only be incident to at most one flat angle. Therefore, we say a flat angle assignment is valid
if no two faces are assigned to the same vertex. In each case, we either find a base-bounded
seesaw or no valid flat angle assignment.

Case 0: If no edge is contracted, then there are ten white faces and nine inner
vertices. By the pigeonhole principle, there exists no valid flat angle assignment.

Case 1: The contraction of one edge results in a graph with eight white faces and
eight inner vertices. Hence, in any valid flat angle assignment each inner vertex has exactly
one flat angle. We label the vertices as depicted in Figure 4. In particular, vy, vs3, v4, vs, vg
are assigned by a unique white face. In total, there are two different flat angle assignments,
where the vertices vg, v7,vg are either assigned in clockwise or counter clockwise direction.
Since these two flat angle assignments are mirror images of each other, we consider without
loss of generality the one displayed in Figure 4 (a).

To obtain a contradiction, we consider a realizing drawing D within the triangle ABC
with vertices (0,0), (1,0), (0,1) where the collinearities from the flat angle assignment are re-
spected and all remaining faces have the same area. For an illustration of D, see Figure 4 (b).

(a) The up to symmetry unique flat angle (b) A drawing respecting the flat angle as-
assignment in Case 1. signment; it contains a seesaw with base vs A.

Figure 4: Illustration of Case 1 of the proof of Theorem 2.
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For a vertex v;, we denote its coordinates in D by (z;,y;). We will show that D contains
a base-bounded seesaw. Specifically, a straight-line drawing of the subgraph induced by
the vertices A, wv1,vg,v7,v5 yields a seesaw with base vsA, as highlighted in violet in Fig-
ure 4 (b). If y5 > yr, then a pair of horizontal lines certifies that the seesaw is base-bounded
and Lemma 7 yields a contradiction. Therefore, it remains to show that y5 > y7. By
contradiction, we suppose that y5 < y7.

First note that, since vy lies on the segment vgvs, the (artificial) segment vsvs inter-
sects segment Cvy. Moreover, vs and vz lie on the outer segments AC' and BC respectively.
Hence, all inner vertices are contained in the quadrangle ) := ABwvsvs. Since y5; < y7 by
assumption, it follows that ys < 3.

Next, we show that y3 < 1/2. Consider the two black faces incident to vs, namely
Ty := vqv3C and Ts := vgve B. Due to the flat angle assignment, vy lies on the segment vovs
and the triangle Ty := vsvg B is strictly contained in the triangle T». Consequently, it holds
that avea(71, D) = avea(Ts, D) > avea(T5, D). When we consider the segments s; and s on
BC as the base segments of T; and T}, respectively, then their heights coincide. Therefore,
avea(T, D) > avea(Ty, D) implies directly that s; > s, and hence, y3 < 1/2.

Since the quadrangle @ strictly contains seven facial triangles, it covers at least 7/9
of the area in D. The area of () can be expressed as the sum of the triangles Avsvs with
base length y5 and height 3 and ABws with base length 1 and height y3. With the facts
that y5 < y3 < /2 and z3 = 1 — y3, we obtain the following chain of inequalities:

/9 < 2-avea(Q) = ysas +ys < Y2 (1 —y3) +ys=1/2- (1 4+ y3) < 3/4.
This is a contradiction. Consequently, we have that ys > y7. This finishes Case 1.

Case 2: The contraction of two edges results in a graph with a unique flat angle
assignment which is shown in Figure 5 (a). Consider Figure 5 (b) to note that every straight-
line drawing respecting this flat angle assignment contains two seesaws. Due to its symmetry,
we assume without loss of generality that y5 > y3. Hence, vg induces a seesaw with base Avs
in the quadrangle Avivyvs; the base-boundedness is certified by a pair of horizontal lines.
By Lemma 7, the base-bounded seesaw is not equiareal and we obtain a contradiction.

c c

2
Vs 7 U3
b
q
A U1 B
(a) The unique angle assignment when two (b) A drawing respecting the flat angle as-
edges are contracted. signment; it contains two seesaws.

Figure 5: Illustration of Case 2 of the proof of Theorem 2.
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Case 3: Contraction of three edges leads to a super graph of the octahedron graph
as depicted in the rightmost image of Figure 3. This graph has four white faces and three
inner vertices adjacent to white faces. Hence, there exists no valid flat angle assignment. W

This finishes the section on non-area-universal graphs. We now turn our attention
to realizing drawings.

3 Drawing Planar Graphs with Bends

We now aim for realizing each area assignment of every plane graph. As discussed in
Section 2, this is impossible with straight-line drawings. Therefore, we relax the straight-
line property by allowing the edges to have bends. A drawing of a plane graph is a k-bend
drawing if each edge is a concatenation of at most k£ + 1 segments. These drawings are
also known as polyline drawings. Interpreting the bend as a subdivision vertex, the polyline
drawing corresponds to a straight-line drawing of a subdivision of the graph. In this sense,
the notions of planar, degenerate and realizing drawings immediately translate to polyline
drawings. In this section, we show that one bend per edge is sufficient.

B Theorem 3. Let G be a plane graph and A: F' — R~q an area assignment of G. Then,
there exists an equivalent 1-bend drawing of G realizing A.

Proof. Without loss of generality, we assume that G is a plane triangulation: If G is not
a triangulation, there exists a triangulation 7" such that G is an induced subgraph. For
each face of GG, partition the assigned area between its subfaces in 1" and obtain the area
assignment A’ of T. Given an A’-realizing 1-bend drawing of T, delete the artificial vertices
and edges. The result is an A-realizing 1-bend drawing of G.

We construct the final drawing of G in four steps (see definitions below). Figure 6
visualizes the steps for the octahedron graph.

1. Take a L-contact representation C which yields a rectangular layout L.
2. Obtain a weak equivalent rectangular layout £ realizing the areas.

3. Define a degenerate drawing D .

4. Construct a non-degenerate drawing D from D .

® © ® ® ®
T .
— |

c D, DY

G with a
Schnyder Wood

Figure 6: Construction of a realizing 1-bend drawing in four steps.
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In the first step, we construct a 1L-contact representation C of G. A 1 -shape is the
union of a horizontal and vertical segment such that the lower end of the vertical segment lies
in the horizontal segment. We call this point of intersection the heart of the 1-shape. Each
of the other three ends of the segments is an end of the L -shape. A 1 -contact representation
of a graph G = (V, E) is a family of L-shapes {L,: v € V} where 1, and L, intersect if
and only if (u,v) € E. Moreover, if L, and L, intersect then the intersection must consist
of a single point which is an end of either 1, or L.

B Theorem 4 ([10]). Every plane triangulation has a L-contact representation such that
each inner face is represented by a rectangular region.

Following the ideas of de Fraysseix et al. [10], the L-contact representation C can be
constructed as described in detail by Alam et al. [3, Section 3.1]. Observe that the L -shapes
of three outer vertices may be pruned to segments such that the outer face is the complement
of a rectangle. Moreover, note that every horizontal segment has a unique vertical segment
touching it from above. The segments of the |-shapes of inner vertices partition the outer
rectangle into finitely many rectangles; such a partition is called a rectangular layout. By
Theorem 4, C yields a rectangular layout £ in which every rectangle r corresponds to a
face f,. of G. In a generic rectangular layout no four rectangles meet in one point. In this
case, we may define a segment of L as a maximal segment belonging to the boundary of the
rectangles. Indeed, C can be constructed such that all horizontal and vertical segments of C
have their private supporting line. Therefore, the segments of C are segments of £ and are
interiorly disjoint.

In the second step, we want to achieve correct areas in a weakly equivalent layout.
Two rectangular layouts are weakly equivalent if there exist bijections between their horizon-
tal and vertical segments, respectively, which preserve the ends on-relation, i.e., a segment s
ends on a segment ¢ in one layout if and only if the same holds for their images in the other
layout. We make use of the following theorem.

B Theorem 5 ([12]). For every rectangular layout with area assignment a on the inner
rectangles, there exists a weakly equivalent rectangular layout realizing the areas of a.

For this theorem several variants and proofs are known; we refer to [12, 14, 28].
For each rectangle r corresponding to the face f,., we set a(r) := A(f,). By Theorem 5,
we obtain a weakly equivalent rectangular layout £’ in which the area of each rectangle r
is a(r). Due to the weak equivalence of £ and £, the layout £’ can be viewed as a L-contact
representation C’, which now realizes the areas. The weakly equivalent layout £’ is unique
and may have four rectangles meeting in a point. This corresponds to the fact that two
segments of £ both end in the same point of a segment in £’ from different sides. For our
further construction, we consider these two segments as two segments of £'.

In the third step, we obtain a 1-bend drawing of G. We define the following, usually
degenerate, drawing D, with the help of C":

e Place each vertex v in the heart of |,; for a pruned |-shape, the heart is the bottom
or left endpoint of the segment.
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e An edge e = (u,v) is supported by the segments of C’ in the following way: Since the
two vertices u and v share an edge, 1L, and L, have a point of contact ¢ in which
a vertical and a horizontal segment meet. We draw the edge e from the heart of 1,
along a segment of 1, to the contact point ¢ and then along a segment of 1, to the
heart of 1,, see Figure 7. Note that e has a unique bend point c.
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Figure 7: Definition of D . Figure 8: A parallel shift from p to p'.

Note that two edges may intersect along segments but never form a proper crossing.
Hence the properties of a degenerate drawing of G are fulfilled. By construction, each edge
consists of a horizontal and a vertical segment and, hence, has at most one bend.

» Observation 8. The drawing D, is a degenerate 1-bend drawing of G realizing A.

For the fourth step, it remains to remove the degeneracies of D . For an edge e, we
interpret its bend point p. as a vertex of degree 2, and refer to the two incident edges of pe
as its horizontal and vertical segments. As part of the degeneracies, bend points intersect
non-incident edges. We handle this issue by parallel shifts. A parallel shift of a bend point p
in a drawing D yields a (degenerate) drawing D’ of G in which only the position of p and
its edges changed: Let p and p’ denote the positions of the bend in D and D', respectively,
and let u and v denote its the two neighbors. A (degenerate) drawing D’ of D is obtained
by a parallel shift of p if the segment pp’ is parallel to the segment uv, see Figure 8. A bend
point p is shiftable in D if there exists a parallel shift of p. For instance, the topmost blue
bend in Figure 9 (a) is not shiftable since every shift of it results in a proper crossing.

» Observation 9. A parallel shift of a bend point keeps all face areas invariant.

The contact representation C’ induces a coloring and an orientation of the inner
edges: each edge corresponds to a contact point of two l-shapes. Orient the edge such
that it is an outgoing edge for the vertex belonging to | -shape whose end is the contact
point. Color the edge red, blue, or green, depending on the type of end which belongs to
the contact point: Red for the top end, blue for the left end, and green for the right end of
the L-shape. (Such a coloring and orientation is called a Schnyder wood of G.)

We analyze the structure of the neighborhood for a vertex v in D , see Figure 9 (a).
By construction, v has three outgoing edges such that all incoming edges partially run on
one of these outgoing edges. As noted before, in C’ every horizontal segment has a unique
vertical segment touching it from above and the point of contact corresponds to the heart
of the |-shape. By definition of D |, a vertex is placed in this contact point. Thus, in D
every horizontal segment has no segment touching it from above. Therefore, the bend point
of the lowest green and lowest blue incoming edges is shiftable upwards. Due to the fact
that every rectangle has positive area, some space is guaranteed. Therefore, we can parallel
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(a) The structure of the neighborhood of a  (b) The structure of the neighborhood of a
vertex in the degenerate drawing D . vertex in the final 1-bend drawing.

Figure 9: The structure of the neighborhood of a vertex in D, and in the final drawing.

shift the bend point such that its edges are free of degeneracies. In particular, the bend
point does not intersect non-incident edges anymore. Consequently, the bend point of the
second lowest incoming edge of v becomes shiftable. We iterate this process for all vertices
such that all blue and green bend points are free of degeneracies. Afterwards, only red bend
points are involved in degeneracies.

For every vertex, we consider the incoming red edges, which have either a left or a
right bend with respect to the orientation. Note that there may be a unique red incoming
edge for each vertex without a bend. Consider the rightmost right bend point (and likewise
the leftmost left bend point). Its horizontal segment has no segment touching it from below
since it is rightmost (leftmost) and the vertical segment is free of degeneracies, since by the
first step there is no green or blue bend point on a red segment. Consequently, the rightmost
right (leftmost left) bend point is shiftable to the bottom. We shift it parallel downwards
such that no new degeneracies are introduced. Hence, the number of degeneracies decreased.
Moreover, this process achieved that the second rightmost (leftmost) bend point becomes
shiftable. By iterating, we remove all degeneracies. Finally, we obtain a 1-bend drawing D7
of G which is free of degeneracies and realizes A. |

3.1 Bounds on the bend number

Knowing that one bend per edge is always sufficient, we wonder how many bends may be
necessary to realize an area assignment of a plane graph? We define the bend number of a
plane graph G, denoted by b(G), as the minimum number of bends which is always sufficient
and sometimes necessary to realize any given area assignment of G.

Alternatively, Theorem 3 establishes the fact for every plane graph, there exists an
area-universal subdivision. The subdivision number of a plane graph G, denoted by s(G),
is the minimum number of subdivision vertices which need to be inserted such that the
subdivision of G is area-universal. If G is area-universal, then s(G) = 0. Clearly, the bend
number is upper bounded by the subdivision number. However, equality of both parameters
is not clear since for the bend number the bended edges can be chosen with respect to the
area assignment whereas for the subdivision number the bended edges must coincide for all
area assignments. Theorem 3 assures the following proposition.
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» Proposition 10. For every plane graph G = (V, E) it holds that 0 < b(G) < s(G) < |E|.

We construct a family of graphs with the octahedron graph showing that the bend
number, and thus the subdivision number, may be linear in the number of edges.

» Lemma 11. For every k > 8, there is a plane triangulation Gy = (V, E) on n := 4k — 6
vertices and an area assignment A, such that in every A-realizing polyline drawing of Gy at
least 1/12 of the edges have a bend, i.e., b(Gy) > 1/12|E|.

Proof. Recall that, by Theorem 1, the octahedron graph is not area-universal. Hence, there
exists an area assignment .4y which has no realizing straight-line drawing. Thus in every
Ap-realizing polyline drawing of the octahedron at least one of twelve edges has a bend.

Now, we construct a plane triangulation Gy, for each k > 8. For k € {3,6}, and
k > 8, there exists an Eulerian triangulation on k vertices.” Therefore, we take an Eulerian
triangulation 7" on k vertices and consider an inner face 2-coloring with (k — 2) white faces.
We insert a copy of the plane octahedron graph H into each white face f of T" in the following
way: identify three outer vertices of H with the vertices of f. This yields a graph Gy on
k + 3(k — 2) = n vertices, consisting of (k — 2) octahedron graphs which are pairwise edge-
disjoint. Let A be an area assignment such that the restriction to any copy of H results in
Ap and the remaining black faces of T" obtain some arbitrary value.

In an A-realizing polyline drawing D of G, each copy of H has at least one bended
edge, since Ag is not realizable by a straight-line drawing. By the edge-disjointness, every
bended edge may satisfy at most one copy of a octahedron. Consequently, at least k — 2 of
the 12(k — 2) edges have a bend. This implies the claim. <

B Corollary 12. Let G, be the set of plane graphs with m edges. For the mazimum bend
and subdivision number of G, it holds that:

|Y/12-m] < c?é%},i{b((;)} < max {s(G)} < m.

GeGm

We note that the octahedron graph may not yield a better lower bound.

» Proposition 13. The plane octahedron graph has bend number and subdivision number 1.

Proof. Let G denote the plane octahedron graph. Since, by Theorem 1, G is not area-
universal, it clearly holds that 1 < b(G) < s(G).

In the remainder we show that s(G) < 1. The proof consists of two ideas. Firstly,
let e be an edge of the triangle of inner vertices, see Figure 10. Deleting e in G gives a
4-face q. Replacing e by the other diagonal edge € of q yields a plane 3-tree G’. Since plane
3-trees are area-universal [8], we can find a realizing drawing for every area assignment of G'.
In particular, for a given area assignment A of G, we may consider an A’-realizing drawing
D’ of G’ where A’ conforms to A except to the fact that the two faces of ¢ in G’ obtain the
sum of the prescribed areas of the two faces of ¢ in G.

2The existence of such an Eulerian triangulation follows from the following observation: Applying the
P-rule defined by Batagelj [5] to an Eulerian triangulation on k vertices results in an Eulerian triangulation
on k + 2 vertices. Moreover, there exists an Eulerian triangulation on six vertices (the octahedron) and on
nine vertices (e.g., identify the outer face of a copy of the octahedron with an inner face of the octahedron).
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Figure 10: This subdivision of the octahe-  Figure 11: The plane quadrangulation Q5 is
dron graph is area-universal. strongly area-universal.

Secondly, the intermediate value theorem asserts a position for a bend point of e on
€ in D’ such that the area of ¢ is arbitrarily split among the two adjacent faces of e. Hence,
each area assignment of G is realizable with a bend on e. <

A similar argument shows that the unique plane quadrangulation on five vertices,
depicted in Figure 11, is area-universal in a strong sense. For simplicity, we denote it by Q5.
We say a graph is strongly area-universal if for every area assignment A there exists an
A-realizing drawing within every outer face of area >.A.

» Lemma 14. The plane quadrangulation Qs s strongly area-universal.

Proof. Let A be an area assignment of Q5. For a prescribed outer face O of area YA,
we consider a curve C within O connecting the two non-neighbors of the inner vertex v.
Moving v along C, the area of the two inner faces changes continuously. Therefore, the
intermediate value theorem guarantees a position of v which yields an A-realizing drawing.
Note that it is crucial that the outer face of @5 is a 4-face. <

This yields the following fact.

» Proposition 15. Every 2-degenerate quadrangulation is strongly area-universal.

Proof. Any 2-degenerate quadrangulation can be constructed from a plane 4-cycle by itera-
tively inserting a vertex of degree 2 (acting as a subdivided diagonal) into an inner 4-face.
In other words, in every step we choose an inner 4-face f of a quadrangulation and insert a
copy of Q5 by identifying the boundaries of f and of the outerface of 5. Thus, Lemma 14
implies the claim. <

Indeed, it may be true that plane bipartite graphs are area-universal. If so, this has
interesting consequences for the subdivision number of plane triangulations.

» Proposition 16. If plane bipartite graphs are area-universal, then for every plane trian-
gulation T = (V, E) it holds that b(T) < s(T') < 1/3|E]|.

Proof. Recall that a plane triangulation T on n vertices has 2n —4 faces (including the outer
face). The dual graph T* of T is a bridgeless cubic graph and hence, by Petersen’s theorem,
has a perfect matching M™* of size n — 2. Deleting the dual edges M of M* in T yields a
quadrangulation @). If plane bipartite graphs are area-universal, then there exists a realizing
straight-line drawing for every area assignment of ). By Lemma 14, we may reinsert the
deleted edges of M with one bend each. Therefore, subdividing the edges of M in T yields
an area-universal subdivision where n — 2 of the 3(n — 2) edges are subdivided. <
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3.2 Fewer Bends for Plane Bipartite Graphs

Now, we discuss the subdivision number of plane bipartite graphs. Interestingly, no plane
bipartite graph is known that needs a bend. Besides Proposition 15, Evans et al. [13| show
that (square) grid graphs are area-universal. Otherwise, area-universality of plane bipartite
graphs is wide open. In this section, we improve the upper bound on the number of bends
that always suffice for plane bipartite graphs. We show that at most half of the edges need a
bend. Indeed, we can place the bends on the same edges independent of the area assignment.
Hence, we obtain a bound on the subdivision number.

B Theorem 6. Let G = (X UY, E) be a plane bipartite graph. Then, s(G) < 1/2|E|.

Proof. First, we consider the case that GG is a quadrangulation and show that an arbitrary
but fix area assignment .4 has an A-realizing 1-bend drawing of G with at most 1/2| E'| bends.
Moreover, we place the bends on the same edges independent of A. The proof consists of
four steps, illustrated in Figure 12. The main difference to the proof of Theorem 3 lies in
Step 1. Moreover, Steps 3 and 4 are a little more intricate. The procedure is as follows:

0. (Augment G to a quadrangulation.)

Take a segment contact representation C yielding a rectangular layout L.
Obtain a weak equivalent rectangular layout £ realizing the areas.
Define a degenerate drawing D on £’ .

Construct a non-degenerate drawing D* from D by parallel shifts.

©
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Figure 12: Construction of a 1-bend drawing realizing the prescribed areas in four steps.

In the first step, we take a segment contact representation of G = (X UY, E). This is a
family {s,|v € X UY} of horizontal and vertical segments where s, and s, intersect if and
only if (u,v) € E. Moreover, each non-empty intersection consists of a single point which is
an endpoint of at least one of the segments.

B Theorem 7 (|9, 15]). Every plane quadrangulation has a segment contact representation
such that each inner face is represented by a rectangle.

Let C be a segment contact representation of G. We assume that the vertices of X are
represented by vertical segments. The segments of C partition a rectangle into rectangles, and
hence, C yields a rectangular layout £. In the second step, we obtain a weakly equivalent
rectangular layout £’ realizing the areas by Theorem 5; let C’' denote the corresponding
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segment contact representation. In the third step, we define a degenerate drawing D from C’.
The challenge is to place the vertices such that, firstly, we insert the bends on the same
edges, secondly, we save one bend per vertex, and thirdly, we can remove the degeneracies
by parallel shifts. We distinguish two cases depending on the minimal degree § of G. Note
that in a quadrangulation ¢ is 2 or 3.

Case 1: 6(G) = 3. Since every segment has only two endpoints but at least three contacts,
every segment has an inner contact point. For a vertical segment s,, an inner contact point
is right if it is the endpoint of a horizontal segment touching s, from the right. Otherwise, it
is left. Likewise, we distinguish inner top and bottom contact points of horizontal segments.
We construct D from C’ as follows:

e A vertex v € X is placed on topmost right inner contact point of the segment s, if it
exists; otherwise v is placed on the topmost left inner contact point.

e A vertex v € Y is placed on leftmost bottom inner contact point of the segment s, if
it exits; otherwise v is placed on the leftmost top inner contact point.

e An edge e = (v,w) € E is drawn from v along s, to the contact point of s, and s,
and then along s,, to w.

Note that with this definition the vertices are placed on the same contact points independent
of the area assignment. This allows us to obtain an area-universal subdivision of G. By
placing a vertex on an inner contact point of its segment, the corresponding edge has no
bend. Hence, we save one bend per vertex and the number of bends is at most |E| — |V].

» Observation 17. The drawing D is a degenerate 1-bend drawing of G realizing A with
at most |E| — |V bends.

In the fourth step, we remove the degeneracies by parallel shifts of bend points. By
the placement of the vertices, a vertical segment s, has no right bend point above v and a
horizontal segment s, has no bottom bend point left of v. This property is our invariant 4q.
For a vertex v € X (v € Y) with a vertical (horizontal) segment s,, we partition the inner
bend points into three sets: Bi(s,), the set of right (bottom) bend points on s,, Ba(s,),
the set of left (top) bend points on s, which are below (right of) v, and Bs(s,), the set of
remaining bend points, i.e., left (top) bend points on s, which are above (left of) v, see also
Figure 13 (a). For a segment s, and all 7 € {1,2,3}, a bend point b € B;(s) is smaller than
b’ € Bi(s) if b is closer to v in D than b'.

- o- e
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(a) Definition of D and B;. (b) Ilustration of Step 4;. (c) Nlustration of Step 4.

Figure 13: Illustration of Step 3 and Step 4 in Case 1 of the proof of Theorem 6.
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We remove the degeneracies in three steps. For i € [3], Step 4; is defined as follows:

Step 4;: For each v € X UY, do: while B;(s,) is not empty, choose the smallest b € B;(s,),
parallel shift b, and delete b from B;(s,).

If Step 4; is completed successfully, then invariant 4; holds, namely that every seg-
ment has no bend points in Bj(s,) for 0 < j < i. Indeed invariant 4; is necessary in order
to perform Step 4;41. Clearly, invariant 43 guarantees a non-degenerate 1-bend drawing
of G which realizes A and has at most |E| — |[V| bends. Hence it remains to show that the
smallest b € B;(s,) is shiftable if invariant 4,_; holds.

Consider a vertex v € X with vertical segment s, and the smallest b € Bi(s,), see
Figure 13 (b). By invariant 4¢, the horizontal edge of b is free of bottom contact points.
Since b is the smallest in Bj(s,), the vertical edge of b is free of right contact points.
Therefore, b is shiftable bottom-rightwards. Moreover, after shifting and deleting b, the
new smallest bend point becomes shiftable. The argument for v € Y is analogous. More
generally, for ¢ € {1,2,3}, the smallest bend point b € B;(s,) is shiftable since both of its
edge are free of bend points to one side; for one edge this is guaranteed by the invariant 4;_1,
for the other edge by the fact that b is the smallest bend point in b € B;(s,).

Case 2: §(G) = 2. If it exists, choose an inner vertex of degree 2 and remove the segment s,
in C’. This results in a quadrangulation where two faces are unified to one new face. Assign
the sum of the two face areas to the new face. Delete inner vertices of degree 2 until all inner
vertices are of degree at least 3. This yields a graph G’ with area assignment A’. Proceed
with G’ as in Case 1 with some extra care. If one or several outer vertices have degree 2, we
place them on distinct ends of their segments; for instance in clockwise order. Moreover, we
make the parallel shifts small enough, such that the following special property is fulfilled in
an A’-realizing drawing of G’: up to a tiny & with ne < Apin, each face f of G’ contains an
axis-aligned rectangle with area A'(f) — ¢, where Apin 1= mingepr () A(f).

We use the special property to reinsert the degree 2 vertices in reverse order of
deletion and obtain a sequence of drawings (G}.)r. We use the invariant that G}, is a non-
degenerate drawing where each face area is realized by an axis-aligned rectangle up to ke.
Consider the (k4 1)*™® vertex v of degree 2 and the face f in G} where v must be inserted.
Assume f has area a; + as and must be split into two faces f; and fo of area a; and as. By
assumption, a1, as > Amin and f contains an axis-aligned rectangle R of area aj+as —ke, see
Figure 14. Assume that v € X. By the intermediate value theorem, there exists a vertical
segment s within R such that s dissects f into two parts of area a; and ag, respectively.
Place v on one endpoint of s and a bend point b on the other endpoint of s. Note that the
areas of f; and fy are realized by a rectangle up to ke. In order to remove the degeneracies,

P S P

Figure 14: Insertion of an inner vertex of degree 2 in Case 2.
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use parallel shifts of v and b which are small enough to guarantee that f; contains a rectangle
of area a; — (k 4+ 1)e. This ends our treatment of Case 2.

If G is not a quadrangulation, then we consider a quadrangulation ) with G as an
induced subgraph. For each face in (G, we partition its area assignment among its subfaces
in Q and obtain A’. Clearly, an A’-realizing 1-bend drawing of @ induces an A-realizing
1-bend drawing of G. However, the number of bends may exceed 1/2|E|. Therefore, we
ensure to save one bend per vertex by placing the vertices on inner contact points which
belong to edges of G. To do so, delete all segments belonging to artificial vertices in C. If
necessary, remove vertices of low degree iteratively as in Case 2. Afterwards, place vertices,
remove degeneracies and reinsert vertices of G with low degree as in Case 1 and Case 2.
Note that degree 1 vertices may also appear, but can easily be reinserted.

A planar bipartite graph has at most 2|V| —4 edges. Therefore, the number of edges
with bends is at most |E| — |V| < |[V] — 4, and the number of edges without bends is at
least |V]. Consequently, in all cases the number of bends is less than 1/2|E)|. [ |

If in the third step of the last proof, the vertices are placed in fortunate positions,
one can save additional bends. In particular, every corner of the outer rectangle has two
closest contact points, one on each incident segment; if in both of these a vertex is placed,
then one bend can be saved. For the cube graph this allows to save four bends and shows
that the cube graph as a planar partial 3-tree is not only area-universal but also convex
area-universal, i.e., every area assignment has a realizing drawing with convex faces.

» Proposition 18. The cube graph is convex area-universal.

Proof. Let A be an area assignment of the cube graph. Then A’ denotes the area assignment
where the areas of the four boundary faces are doubled with respect to .A. Theorem 6
guarantees the existence of a 1-bend drawing realizing A’. Indeed, already the drawing D
defined in the third step of the proof of Theorem 6 is free of degeneracies. Moreover, as
illustrated in Figure 15 (c), every outer edge has exactly one bend and all inner edges are
segments. Replacing the outer edges by segments halves the area of the boundary faces and

consequently gives an A-realizing straight-line drawing with convex faces. <
2d a g d
a d I
e 2 e %2 a e c
b c T
2 bt e
(a) The cube graph with an (b) A rectangular layout re- (¢) A convex straight-line
area assignment A. alizing A’. drawing realizing A.

Figure 15: Illustration of the proof of Proposition 18.
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4  Further research directions

Various interesting questions remain open. We comment on three directions.

Area-universal graph classes A very promising candidate for a further area-universal
graph class are the plane bipartite graphs. In the conference version of this article [18],
we asked if 3-connected quadrangulations are even convex area-universal. In the meantime,
we were able to answer this question in the negative. A counter example can be found in
my PhD thesis [19] — together with some first tools to tackle the open problem. Further
partial results in this direction are the area-universality of 2-degenerate quadrangulations
as discussed in Proposition 15 and the fact that grid graphs are area-universal [13].

Computational Complexity As mentioned in the introduction, Dobbins et al. [11, 20]
conjecture that the computational complexity of deciding whether a plane graph is area-
universal is VAR-complete. The complexity class VIR is a natural generalization of JR,
a complexity class capturing the computational complexity of many interesting geometric
problems. It lies somewhere between NP and PSPACE:

NP C 3R C VIR C PSPACE.

Area-universality may turn out to be the first natural geometric problem that is complete
for this class. This would give the complexity class VIR some relevance.

Optimal Bend Drawings Theorem 3 establishes the fact that one bend per edge always
suffices to realize any given area assignment for every plane graph. But how many bends
are really necessary? It seems that the number of necessary bends may be a lot smaller.
In Section 3, we introduced the bend number and subdivision number of a plane graph as
possible notions for optimal bend drawings. Recall that, by Proposition 10, for every plane
graph G = (V, E), it holds that

0 <b(G) < s(G) < |E|.

For optimal bend drawings, one can start with the following questions:

e What are the bend and subdivision numbers of the icosahedron graph?

e What is the maximum subdivision number of a plane graph with m edges?
(Lemma 11 and Theorem 3 show that the number lies between |m/12| and m.)

e Do there exist graphs for which the bend number and the subdivision number differ?
Is the subdivision number bounded by a function of the bend number?
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